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Abstract

Economies regularly experience episodes during which a significant fraction of
agents are borrowing constrained. These constraints give rise to amplification effects,
which occasionally generate aggregate demand shortages. This paper analyzes such
amplification effects in a stylized model with both asset- and income-based borrowing
constraints and investigates how macroeconomic stabilization policies can redress
the amplification effects. Income-based borrowing amplifies shocks to net worth
when there is an aggregate demand shortage, and asset-based borrowing amplifies
shocks to asset prices. A tax on lenders to subsidize borrowers improves the welfare
of borrowers and undermines that of lenders when there is no aggregate demand
shortage, but can lead to a Pareto improvement when aggregate demand externalities
are large. Liquidity operations can lead to a Pareto improvement independent of
whether there is an aggregate demand shortage. If both types of borrowing con-
straints are present, taxing lenders to subsidize asset-constrained agents rather than
income-constrained agents can improve welfare more. With either type of borrowing
constraint, a macroprudential tax on debt issuance, combined with a lump-sum
transfer between borrowers and lenders, will result in constrained efficient allocations.
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1 Introduction

The 2008 Great Recession originated from shocks to the financial system but transmitted
to the economy as a whole via falling asset prices and declining aggregate demand, partly
due to household deleveraging. This paper studies how debt in the private sector may
exacerbate an economic slump by triggering amplification effects and how macroeconomic
stabilization policies can redress the inefficiencies from two financial frictions: asset-based
borrowing constraints (ABCs) and income-based borrowing constraints (IBCs).

ABCs are widely incorporated in macroeconomic models with financial frictions/l]
In these models, agents —either households, financial intermediaries, or firms —face a
borrowing constraint that restricts the maximum amount they can borrow to a fraction of
the liquidation value of their asset holdings. Small and temporary shocks can have large
and persistent effects on real variables through asset price feedback loops.

Although asset-based borrowing constraints seem to play an important role in episodes
of deleveraging, empirical evidence has shown that income-based borrowing constraints
also play a major role and may at times be more important than asset-based borrowing
constraints for macroeconomic dynamics. For example, recent studies find only about 20%
of non-financial corporate debt in the US is secured by assets. 80% is borrowed against
the value of cash flows from firms’ continuing operations. Over 80% of cashflow-based
borrowing includes income-based covenants in the contract (Lian and Ma, 2021)E] Given
the importance of IBCs, their implications for macroeconomic stabilization policy have
not been well explored in the economic literature. An important question then concerns
the different macroeconomic implications of the two types of borrowing constraints and
the optimal policy responses when both are present during a deleveraging episode such as
the Great Financial Crisis.

In this paper, I build a theoretical model to analyze amplification effects with asset-
based borrowing constraints, with income-based borrowing constraints, and with both
types of constraints on households. I capture the potential for aggregate demand shortages
by introducing a zero lower bound (ZLB) on the nominal interest rate.ltj The analytical
results of the model with IBC demonstrate the amplification of shocks to wealth through
aggregate demand when the debt limit of borrowers is determined by current income. A

fall in income will tighten the borrowing constraint, which reduces the amount of debt

! Classic macroeconomic models with financial frictions, as in [Bernanke and Gertler| (1989); Bernanke,
Gertler, and Gilchrist| (1999)); |Kiyotaki and Moore| (1997)); [Mendoza/ (2010)).

“Covenants are specified in debt contracts and are legally binding. They prevent borrowers’ debt
capacity from exceeding a multiple of current income, and covenant infringement will directly lead to
technical default and negative debt growth. More details in |Lian and Ma/ (2021)).

3Tt is sufficient but not necessary to generate demand-driven recessions. An alternative approach is to
build a Bewley type of heterogeneous agents with incomplete market model as in |Guerrieri and Lorenzoni
(2017), but at a cost of analytically tractable results of amplification.



borrowers can take on. When they are more constrained in borrowing, borrowers reduce
consumption spending, which lowers aggregate demand and production. Therefore, income
falls and tightens the borrowing constraint further.

I consider an economy that starts with loose credit conditions in which agents can
easily borrow and accumulate debt. An exogenous constraint on borrowing that depends
on either an individual’s asset holdings or income then forces borrowers to deleverage,
which reflects tightened credit conditions in a slump. Because borrowers’ issuance of debt
is constrained, the interest rate must fall to induce lenders to hold less debt. Deleveraging
will have two countervailing effects on aggregate demand. First, it will directly lower
borrowers’ demand, thus depressing aggregate demand; second, the endogenous fall in
the real interest rate will boost aggregate demand. As long as the economy is away from
the ZLB, the fall in interest rate fully counteracts the negative effect of deleveraging
on aggregate demand, and there is no aggregate demand shortage. Firms can produce
output at the efficient level. Otherwise, if the interest rate hits the ZLB, there will be an
aggregate demand shortage. Given the lack of demand, firms are forced to scale down
production and wages decline. Since borrowers are constrained by their income, lower
income tightens the borrowing constraint and further reduces demand, which results in a
negative feedback loop. Borrowers do not take into consideration the adverse effect of their
behavior on aggregate demand, which lowers production and wages during deleveraging.
This leads to aggregate demand externalities.

When there is no aggregate demand shortage in an IBC model, the fall in interest rates
generates wealth redistribution between borrowers and lenders, which renders borrowers
better off and lenders worse off, but it does not generate any inefficiencies in the economy.
Allocation in an IBC economy when there is no aggregate demand shortage is therefore
constrained efficient. In an ABC economy, however, amplification through asset price
will cause inefficiencies when there is no aggregate demand shortage. Deleveraging by
asset-based borrowers depresses asset prices, which tightens the borrowing constraintﬁ
Borrowers are forced to further deleverage, which reduces consumption and depresses
asset prices further. This amplification effect through asset price gives rise to pecuniary
externalities. The allocation in an ABC economy when there is no aggregate demand
shortage is constrained inefficient [’

When there is aggregate demand shortage, the IBC economy is constrained inefficient.
The inefficiencies originate from the aggregate demand externalities that lower income

and tighten the borrowing constraint. The effects of low income and tightened borrowing

AThe effect of deleveraging on asset price when there is no AD shortage is ambiguous, since lower
interest rate drives up asset price, but when the fraction of lenders is much larger than constrained
asset-based borrowers in the economy, it tends to lower asset price.

5Similar results in Jeanne and Korinek| (2010) in an open economy and endowment economy model
environment.



constraints reinforce each other, similar to the effects of low asset prices and tightened
borrowing constraints in the ABC economy when there is an aggregate demand shortage.
Asset prices fall as consumption decreases, which forces borrowers to further deleverage.
Deleveraging worsens negative aggregate demand externalities. The resulting lower
consumption and lower asset prices are caused by both the pecuniary externalities and
aggregate demand externalities.

Next, the paper analyzes policy implications with the two types of borrowing respec-
tively, and calibrates the model with both types of borrowing in one economy. It addresses
two major questions: what are the differences in the effects of policy measures with the
two types of constraints, and what is the optimal policy in a credit crunch under the two
types of borrowing? I analyze the implications of two types of policies that I label fiscal
policy and liquidity operations. I model fiscal policy as a transfer across agents during
deleveraging. I model liquidity operations as a transfer across time, i.e., policymakers
provide liquidity to borrowers in the period in which the constraint is binding, and they
pay it back in the following period. This can also be interpreted as the government
purchasing assets from borrowers during deleveraging and selling them back in the future.

Fiscal policy that taxes lenders and provides a transfer to borrowers in a crisis will
improve the welfare of borrowers and undermine that of lenders when there is no aggregate
demand shortage, in both the IBC and ABC economy. In the IBC economy, it also
generates wealth redistribution by increasing the interest rate. In the ABC economy,
it relaxes the borrowing constraint by boosting asset prices to improve the welfare of
borrowers in addition to wealth redistribution due to changes in the interest rate. Lenders
are always worse off due to the tax. When there is an aggregate demand shortage, fiscal
policy that taxes lenders to provide transfers to borrowers in a crisis can improve the
welfare of both borrowers and lenders. When aggregate demand externalities are large
enough, such transfers can even lead to a Pareto improvement in both the IBC and ABC
economy. Providing a transfer to ABC borrowers can improve welfare more than a transfer
to IBC borrowers. The reason is that a lump-sum subsidy to IBC borrowers can reduce
their labor supply, lower the amount they borrow, and depress aggregate demand when
the interest rate cannot fall further. In contrast, a lump-sum subsidy to ABC borrowers
raises asset prices, increases the amount they borrow, and boosts aggregate demand. As
a result, income falls for IBC borrowers while it increases for ABC borrowers. And the
welfare of ABC borrowers is improved more than that of IBC borrowers.

However, liquidity operations that transfer resources for the same agent across time,
such as asset purchases during a deleveraging episode and sales after deleveraging can
lead to a Pareto improvement independent of whether there is an aggregate demand
shortage, in both the IBC and ABC economy. Since it involves a transfer across time, it

improves borrowers’ welfare by getting around the borrowing constraint when liquidity is



most needed. For lenders, when there is no aggregate demand shortage, it improves their
welfare by increasing the interest rate; when there is an aggregate demand shortage, it

improves their welfare by increasing income.

The effectiveness of these ex post policies depends on the magnitude of amplification.
In a model set-up with separable preferences of households and the wealth effect on
labor supply, aggregate demand externalitities might not be large enough such that a
fiscal policy as implemented in the previous section achieves such welfare improvementsﬁ
Therefore, it is important to understand how ex ante macroprudential policies, can be
implemented to achieve an efficient outcome. I find that an optimal macroprudential
policy can be implemented by either a quantity restriction on debt issuance of borrowers
such that there will be no aggregate demand shortage, or a tax on any positive debt
issuance, combined with lump-sum transfers between borrowers and lenders.

Literature Review. This paper builds on several strands of the literature. First, it
contributes to the literature on macroeconomics with financial frictions. In their seminal
work, Kiyotaki and Moore| (1997) adopt a collateral constraint on borrowing due to
incomplete contracts microfounded by [Hart and Moore| (1994). In their model, creditor
payoff in default and debt capacity are determined by the liquidation value of assets.
Amplification arises from fire sales of land from the more productive sector to the less
productive sector due to adverse productivity shocks, which depresses land prices and
feeds back to net worth, both within a period and dynamically to future asset prices.
Other related work studies the pecuniary externalities from asset fire sales, as in |Jeanne
and Korinek (2010); Bianchi (2011)); and [Mendoza (2010]). My work differs in two respects.
First, creditor payoff in default and debt capacity are determined by current earnings
instead of the liquidation value of assets; second, shocks are amplified through aggregate
demand instead of asset prices.

Second, this paper is closely related to works on aggregate demand-driven recessions.
Mian, Rao, and Sufi| (2013) and Mian and Sufi (2014) focus on the housing net worth
channel through which the fall in the housing net worth of households reduced aggregate
demand by direct wealth effects or by tightening households’ capability to borrow through
a fall in the collateral value. |Chaney, Sraer, and Thesmar (2012) and Duchin, Ozbas!
and Sensoy| (2010) also study the reduction in corporate investment through the fall in
collateral value in the Great Recession Theoretically, my work closely follows that of
Eggertsson and Krugman| (2012)) and (Guerrieri and Lorenzoni| (2017) who emphasize that
deleveraging by borrowers in the economy weighs down on aggregate demand, and |Farhi
and Werning| (2016|) and Korinek and Simsek (2016]), who highlight the importance of
macroprudential policy to address aggregate demand externalities. My work also differs
from their papers because I impose an income-based borrowing constraint that generates

amplification, rather than an exogenous debt limit.

6For example, in [Farhi and Werning| (2016, the same type of fiscal policy will make lenders worse off.



Third, my work builds on a new strand of the literature that features the significance
of an income-based debt limit. Empirical works include |Chava and Roberts| (2008)) and
Roberts and Sufi| (2009), who study the effect of the violation of debt covenants on
borrowers and how lenders will gain rights to influence the financing and investment
decisions of the firms; |Chodorow-Reich and Falato| (2017), who study an earning-based
debt limit in the syndicated loan market; and Sufi (2009), who examines the widespread
use of cash flow-based financial covenants in bank lines of credit. [vashina, Laeven, and
Moral-Benito| (2019) investigate types of commercial credit in general. My theoretical
model builds heavily on the comprehensive empirical work of |[Lian and Ma (2021]), who
establish the prevalence of cashflow-based borrowing among nonfinancial corporations in
the US.

My work is also related to theoretical models that use income-based borrowing con-
straints to study the macroeconomic effects of debt deleveraging. Goldberg (2010) models
income-based borrowing constraint on the firm side, but focuses on the effect of idiosyn-
cratic shocks in a Bewley-Huggett-Aiyagari type of framework. (Corbae and Quintin (2015)
and (Greenwald| (2018]) both study the importance of a borrowing constraint based on
payment-to-income ratio in driving housing prices. The most relevant theoretical work to
my paper is by Drechsel (2019)), who studies an income-based debt limit in the nonfinancial
corporate sector, both empirically and theoretically; incorporates income-based debt limits
on firms in a business cycle model; and focuses on firms’ response of borrowing to invest-
ment shocks. Benigno et al.| (2013)) incorporate income-based borrowing constraints in
open economy models. My work contributes to the literature by studying the interactions
of income-based and asset-based borrowing, and the differences in their policy implications.

The rest of the paper is organized as follows. Section 2 introduces the IBC and ABC
model set-up. Section 3 characterizes the decentralized equilibrium of the two models
and compares the amplification effects. Section 4 conducts comparative statics, Section 5
analyzes the implications of two ex post policies, fiscal policy and liquidity operations.
Section 5 analyzes the optimal macroprudential policies. Section 6 introduces a numerical

illustration of the model with both types of borrowing, and Section 7 concludes.

2 Model Set-Up

In this section, I will demonstrate and compare the amplification effect with asset- and
income-based borrowing constraints on households in a three-period model. The model
has an environment that closely follows |[Korinek and Simsek| (2014, [2016]), but provides a
more generalized framework to incorporate one or more types of borrowing constraints.
Moreover, unlike an exogenous debt limit in their paper, the model has an endogenous

debt limit dependent on households’ asset holdings or current income rather than an



exogenous value.

2.1 Environment

There are three discrete time periods t = 0,1,2. The economy consists of households
and firms. Households are of measure one. There are H types of households, indexed
by h € H. In some of our applications, the set of households will consist of only two
types, e.g. lenders and borrowers. There can be type a borrowers constrained by asset
value when H = {l,a}, or type i borrowers constrained by income when H = {l,i}. But
we will also consider cases with additional heterogeneity. Each type of households has
a weight of o/ with Y, a" = 1. Borrowers are more impatient than lenders, with the
discount factors 8" < 8! =1, for h = a, i, such that in equilibrium borrowers will take on
debt. Households own firms and will obtain profits from firm sales. There are two types
of commodities in the economy, a final good for consumption and labor.

Preferences. Households preferences are inseparable, following |(Greenwood, Hercowitz!
and Huffman| (1988)[]

U" = u(cy — v(ng)) + B"uler —v(n})) + (8")*u(c; — v(ny)) (2.1)

where u/(+) > 0, u(-) strictly concave, lim., ou'(c) = 00,0 < v'(-) < 1, v(-) strictly convex,
v'(0) = 0, lim,, 00 v'(n) = 0.

Technology. The final good is produced competitively by a final good sector using
differentiated intermediate goods according to the Dixit-Stiglitz technology:

v = ( / ()= dj)= (2.2)

with € greater than one. y,(j) the quantity of the intermediate good j produced by a
continuum of monopolistic firms indexed by j € [0,1]. Each firm uses an identical linear

technology to produce a differentiated good:

Ye(j) = ne(J) (2.3)

where n4(7) is the aggregate level of labor supplied by all types of households to produce

the good j. Firms take household demand and the aggregate price level as given to set

"Unlike separable preferences consistent with balanced growth, GHH preference eliminates wealth
effects on labor supply, so it will generate more amplification compared to separable preferences as
households will not increase labor supply to pay off debt when income falls.



prices in each period. The aggregate price level is defined as:

1
Po=([ PG

Aggregate price dynamics. In the baseline model, instead of assuming the full
staggering pricing dynamics as in |Calvo| (1983), we assume in the baseline model that
none of the monopolistic firms can reset prices due to an infinite price adjustment cost in
each time period. Thus, the final good price and the aggregate price level stay constant,
P(j)=P = P.

Market structure. Households have equal shares of firms. In each period, they earn
labor income at a competitive wage rate and collect profits from firms to consume. There
is a credit market in which households can issue a one-period bond at the prevailing real
interest rate rt+1. b}'.; denotes bonds outstanding in period t and needed to be repaid
in period ¢ + 1. Households are also endowed with an asset that yield d? dividend in
every period. The dividend is subject to shocks in period 1, but deterministic in period
0 and 2 with d = d. Each household is endowed with 6% = 1 unit of the asset at the
beginning of period 0, and the asset can be traded at a price p; only within the same type

of households. There is no uncertainty in the model, and agents fully anticipate future
shocks.

2.2 First-best solution

I characterizes the first-best allocation {c?, ”?}t:o,m as the planner’s solution when market
imperfections are absent. It serves as a benchmark for the later welfare analysis.

The planner maximizes a weighted sum of utilities subject to the resource constraints.
Let 4" be the Pareto weight of type h agents, with >on 4" = 1. The social planner’s
problem is then given by:

max Z Z Oéth[(ﬁh)tU(C? - U(”?))]

{0?7 n?}t:O,l,Q heH t

s.t. Z el =y + Z oo, Yt

heH heH

(2.4)

At the optimum, the planner will equate households’ marginal rate of substitution

in the three periods to the Pareto weights ratio. Denote u(c?) = u(ch — v(nl)), for any

h,keH :
o W) B () (25)
F T w@Ed) T BE) T (@) |

87,41 can be pinned down in a model with infinite time horizon. At steady state with borrowers

constrained, ryy is equal to % — 1 since lenders are always unconstrained.




Define n* as the efficient level of labor. Aggregate employment is given by n; = y;, and is
distributed uniformly among households such that n" = n;, Vh. The first-best allocation

for labor is then given by:

Combine the resource constraints, the efficient labor supply, and Equation to obtain
the optimal allocation of consumption as a function of the Pareto weights. The Pareto
weights will be consistent with the wealth of the households in second-best allocations for
them to be comparable. Define the optimal consumption allocation as {c,’}FB}t:o,Lg, and
the corresponding social welfare as UL'B.

Due to market imperfections from monopolistic competition, firms will exploit a
markup of the marginal cost. It is well-known to impose a subsidy 7 on firms to correct
the distortions from the monopolistic markups. Suppose the monopolistic firms can
choose prices to set for now as a frictionless benchmark without price rigidities, and they

maximize profit as follows:

max B(j) (7)) —we(1 — 7(ng))ne (g
T T N TP - C L K
st i) = ni) < (B,

The subsidy will be financed by a lump-sum tax T; = Tw; fol ni(7)dj to all households. In
equilibrium, the monopolistic firms will set

Pi(j) €

:wt

P e—1

(1—1) (2.6)

where 7(n;) is set to % when aggregate employment n, is lower than or equal to n*, and zero
when aggregate employment n; is above n*. As a result of linear production technology,
each firm will set the same price for their goods. Define w* as the efficient level of real
wage. When firms can freely adjust price and are appropriately subsidized, w* will be one.

Without the subsidy, households’ employment and labor income will be lower.

2.3 Market imperfections

There are two major market imperfections in the model, financial frictions and the lower
bound constraint on the real interest rate. Households can borrow against their income
and/or against their asset holdings. They face a borrowing constraint with an endogenously
determined debt limit in period 1 when issuing bonds. The debt limit is restricted by a
fraction of their current income and a fraction of the value of assets they hold. In the

baseline model, I focus on either an income-based borrower whose debt limit is determined



solely by income, or an asset-based borrower whose debt limit is determined solely by
asset value. The extent to which they are constrained by their income or asset is captured

by the parameters ¢’ or ¢4

by > —¢'tel — 01y, (2.7)
where household income e? consists of labor income and profits from the monopolistic

firms net of a lump sum tax:
el = wnl + 11, — T}, (2.8)

where II; = fol I1,(j) dj is profits from firms. This constraint resonates with the empirical
findings on the prevalence of income-based and asset-based borrowing. It is also an
incentive compatibility condition where it is never optimal for a debtor to default given
that creditors can seize a fraction of his or her income, or asset in bankruptcy. In addition,

we can define e* as the efficient level of income using the previously derived n* and w*:

TL* — /—1(1)
w' =1
e* =v"1(1)

These conditions will serve as an efficient benchmark.

Second, the nominal interest rate will be bounded by a lower bound following Korinek
and Simsek| (2014). In order to simplify the analytical solution, the lower bound is
normalized to zero. With aggregate price level being sticky, the real interest rate will also
be bounded by zero.

r1 >0, t=0,1 (2.9)

The zero lower bound on nominal interest rate is crucial for the result of amplification
through aggregate demand in this model, as it will force income to be below the efficient
level and determined by aggregate demand. The fall in aggregate demand due to household
deleveraging will lower income, tightening the borrowing constraint, which will result in
further reduction in aggregate demand and income. This result will still hold if I relax
the assumption of price rigidity. Indeed, the result from relaxing this assumption will be
in line with the “perverse” proposition brought up by |[Eggertsson and Krugman| (2012)
that increasing price flexibility makes the real effect of an adverse shock on net worth
worse. Therefore, relaxing this assumption will only make amplification greater in the

model. I assume an extreme level of price stickiness to simplify the model.
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2.4 Strategies

Since firms cannot reset prices in each period, the aggregate price level is completely
sticky. Given the preset good prices, the monopolistic firms choose how much to produce

and how many workers to hire to maximize profit:

max Pt(j)t'—wtl—Tnt n:(7
) T I UL (2.10)
t. i) =) < (B,

Pi(5)
Py

monopolistic firms will always choose to produce to meet the demand since the marginal

where P, = P is constant, and is equal to one by symmetry. In equilibrium, the
product is strictly higher than the marginal cost. Therefore, y,(j) = n4(j) = y;. The
monopolistic firms’ production is essentially determined by the aggregate demand for the
final good, which is ultimately determined by the real interest rate. Since price is fixed,
production is determined by monetary policy that sets the nominal interest rate. Let
r* be the real interest rate at which production and employment are at the frictionless

benchmark level. A constrained efficient monetary policy is set according toﬂ:
iry1 = Ty = max(0,77) Vit (2.11)
Households” maximization problem is given by:

Lol og) + (el —vnd) + (8 u(ch — v(nf))
{ei ni, 07,07, by =012

h

O el gl (8 — o B,
1+T1

bl (2.12)
L ol =+ b+ (0 — 05)py + b

s.t.

1 + ]
ch=eb 4+ ohdl 1+ v,
by > —¢'ell — o™ Oupr.
with el = wmnl + I; — Ty = wnl + n; — wyny. Note that profits of firms net of the

lump-sum tax will be positive if the real wage is below the efficient level, and will be zero

if it is at the efficient level.

Definition 1 A decentralized equilibrium is a set of prices {wo, wy,ws, 1,72}, Teal al-

locations {cf,n,’},eﬁ,yt}t:(),m’he{a,i,l}, asset allocations {Hf}t:071727h6{a,i}, bond holdings

9There is a discussion of the constrained efficiency of the monetary policy with or without commitment
power in |[Korinek and Simsek| (2016).
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{8} imo.12,hefaitys and profits and tazes {11y, Ty} such that households mazimize utility as
mn ; the final good sector produces according to ,' intermediate goods are produced
by monopolistic competitive firms that maximize profits according to given fixed
intermediate goods price; the interest rates are set according to (2.11)), and all markets

clear.

3 Solving the Decentralized Equilibrium

The decentralized equilibrium will depend on the type of borrowers in the economy. I
will first consider the case when H = 2, H = {l,i}, and ¢* = 0, where borrowers are
constrained by their income. Next I will consider when H = 2, H = {l,a}, and ¢'* = 0,
where borrowers are constrained by the value of their asset holdings. The borrowing
constraints can be binding or not binding in equilibrium. I will focus on the equilibrium

when they are binding, since it is more relevant for policy interventions.

3.1 The decentralized equilibrium with IBCs

The model can be solved via backward induction. Period 2 consumption and labor choices
are intratemporal decisions given b} at the beginning of period 2. Because assets can only
be traded among the same type of households, both income-based borrowers and lenders
in the economy will have no incentive to trade assets. They hold the one unit of asset
endowed in peiod 0 in equilibrium. By market clearing condition, lenders’ bond holdings
will be a!b! = —a'b, where by, = —¢'w n’ when borrowers are constrained in equilibrium.
Since monetary policy attempts to replicate the efficient level of employment for lenders,
the real wage is one. Let net consumption be ¢, which is equal to ¢! — v(n?); let A? be

the Lagrangian multiplier associated with the IBCs; given %, the equilibrium is pinned

down by:
u' (&) = BH(1 4 r)u' (85) + N (1 + 1) (3.1)
u' (&) (wy; — ' (nh)) + ¢TI N =0 (3.2)
u' (@) = B'(1+ ro)u' (&) (3.3)
o't = —a'bi (3.4)

The first Euler equation indicates that higher current consumption makes borrowers
less tempted to borrow, so the IBCs will be less tight. The second labor supply decision
equation of the borrowers implies that although working more can relax the IBCs, it
reduces welfare due to disutility from working, and the marginal benefit of work needs to

be balanced out by the marginal cost. By substitution using the bonds market clearing
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condition and the budget constraints, the decentralized equilibrium can be reduced to the

labor supply choice of the borrowers and the Euler equation of the lenders as follows:

¢”w1

(@) = o/ () (@) + 50 (@) (35)

(&) = B(1+r2)u'(6) (3.6)

(U}l +

Note that since borrowers can and are willing to work more hours to relax the borrowing
constraint, their labor supply in equilibrium will be higher than the “efficient” level n*,
i.e., they tend to overwork whenever they are constrained in borrowing. Equation ((3.5)
implies that the marginal benefit of working an additional hour should be matched with
the marginal cost of working an additional hour. It is also a debt supply equation linking
the borrowers’ labor choice which determines the quantity of debt issuance, to the interest
rate. Higher labor supply of the borrowers is associated with a lower interest rate when
@' is relatively small. To see this, define X;" as:
o, Bigliwini

X = B [1+ W@ u" (@) (E)] <0

where “in” denotes income-based borrowing and no AD shortage, and “b” denotes
borrowers. This restriction can be approximated as:
ol < aé—Zi.
wing
where o is the elasticity of intertemporal substitutionﬂ. The net consumption of the
borrowers is always higher when they increase the labor supply when the interest rate
falls. The intuition is in some way similar to the case where borrowers are unconstrained:
lower interest rate induces borrowers to issue more debt which raises net consumption.
This relation is demonstrated as the IB curve in Figure . Equation (A.7)) can be viewed
as a bond demand equation that indicates higher interest is associated with higher bond
demand as higher interest rate discourage lenders from consuming today, which is shown
from the AD curve in Figure [I}
Consider higher leveraging in period 1 that leads to a lower b%. This corresponds to

loose credit conditions during economic booms. If borrowers cannot work more hours, the

0Derivations are in Appendix The restriction on ¢’* indicates that borrowers may increase
labor supply when the interest rate increases if ¢!* is too large. This anomaly originates from the
assumption that borrowers are always constrained. If ¢!* is large enough, the amount of debt borrowers
carries assuming they are constrained might be greater than that of they being unconstrained, which is
impractical. And if the interest rate rises when borrowers increase labor supply, their net consumption
could decrease. Another interpretation of the restriction is to think of o0& as the inverse of risk aversion.
Borrowers need to be relatively less risk averse, or the curvature of their utility is small, to issue more
debt as the interest rate falls.
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interest rate has to rise such that they will consume less with higher debt repayments,
whereas for lenders the interest rate will fall for them to consume more with higher debt
payments (the effects are shown in Figure . As long as ¢* is small enough that borrowers
are tightly constrained by the amount they can borrow, the interest rate will eventually fall
with more labor supplied by the borrowers. If borrowers are highly leveraged, deleveraging
in period 2 can make the interest rate fall to the zero lower bound. Since prices are fixed
at the preset level, the real interest rate will determine the demand and therefore how
much firms produce. When the real interest rate cannot fall further to boost demand and
clear the goods market, aggregate demand falls, which lowers production. Firms’ demand
for labor is reduced and the real wage will fall, resulting in higher markups. Output,
falling below the natural level, will be determined by the aggregate demand at the zero

interest rate. This threshold level of b} is defined as b', and the derivation of b is in

Appendix [A.T]

T2

Figure 1: Effect of lower b on borrowers’ employment and interest rate, no AD shortage

Lemma 1 The decentralized equilibrium in period 1 given that borrowers are constrained

is determined by b},

e when b > I_)Zi, the negative effect of deleveraging on aggregate demand is completely
buffered by the fall in interest rate, and firms produce efficiently at w*, with lenders’
employment n} = n* and borrowers’ employment nt > n*; there is no aggregate

demand shortage;

o when bl < VY, there is an aggregate demand shortage, since further fall in interest
rate that could have recovered households’ demand s circumscribed by the zero
lower bound. Firms produce and earn an economic profit at wy; < w*, with lenders’

employment n} < n*.
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When there is an aggregate demand shortage. If real interest rate is constrained by
the lower bound when massive deleveraging triggers an aggregate demand shortage, wage
will be below the efficient level. The decentralized equilibrium will be pinned down by the
debt supply and demand equation at zero interest rate. Since lenders are unconstrained
and their employment is given by v'(n!) = wy, which is an increasing transformation of
the real wage, the two equations can be solved from either w; and nt, or n! and nt. Note
that the real wage will be below the efficient level and firms will earn positive profit with
an aggregate demand shortage. I assume lenders and borrowers each obtain what they

produce as their total incomem. Thus households’ income is given by el = n/.

(i Ii P i(8)
_ = — 3.7
w1 v (nl) + ¢ wq ﬁ ¢ u,(éll> ( )
u'(e) = B (&) (3.8)
and with 8! = 1, Equation (3.8) can be rewritten as:
Z_ZOZ_Z Ii_ i l Zlbz dl_dl * * 39
ny = al¢ n1+v("1)+all+(2 1)+ (e" —v(e)) (3.9)

Since output is determined by aggregate demand, for borrowers, the tighter the borrowing
constraint, the higher wage is to increase labor supply. Thus, the wage is increasing in
borrowers’” employment based on borrowers’ labor supply decision (as in Equation ({3.7))
and the IB curve in Figure . The more hours borrowers work, the greater amount
lenders will lend out today and get repaid tomorrow, which raises the marginal utility of
consumption of today and decreases that of tomorrow. Since the interest rate is stuck at
the lower bound, the wage will increase to induce lenders to work more so that lenders can
increase their income and consumption. Thus, the wage is also increasing in borrowers’
employment from the lenders’ intertemporal consumption choice or bond demand (as in
Equation and the AD curve in Figure H

Amplification. Next, consider a comparative static when borrowers take on more debt
in period 0 (lower b}). Since the economy is in a liquidity trap, higher leveraging will
result in a greater demand shortage, which lowers the labor demand of the firms and
dampens the real wage. From lenders’ perspective, they will reduce labor supply. Since
lenders get more debt repayments in period 1, and their consumption demand is fixed at
the current interest rate, they need less labor income to consume (a rightward shift of

the AD curve as in Figure . On the borrowers’ side, accumulating more debt in period

"This is an assumption that makes the decentralized equilibrium analytically tractable. The standard

way is to compute total income as the sum of labor income and profits from firms.
12There is a reinforcing effect of wage on employment for Equation (3.7) and (3.8). For them to have a
unique and well-defined solution, some restrictions need to be imposed. Derivations of the restrictions are

in Appendix
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Figure 2: Effect of lower b} on borrowers’ employment and interest rate, with AD shortage

0 worsens deleveraging in period 1, tightening the borrowing constraint and increasing
borrowers’ labor supply (a rightward shift of the IB curve). The new equilibrium wage and
employment of all households will be lower if the borrowing constraint is sufficiently tight,
i.e., ¢'" is sufficiently small. As labor income falls, borrowers become more constrained
in borrowing, which further lowers their consumption demand and reduces production.
An initial small change in wealth can lead to a large change in wage and income by
affecting aggregate demand. Borrowers do not take into consideration the negative effect
of debt accumulation in the present on aggregate demand in the future, resulting in worse
deleveraging and aggregate demand externalities.

Note that the requirement on ¢!* is not critical in obtaining the amplification result.
The key mechanism of amplification with IBCs hinges on aggregate demand instead of
the individual labor supply decision of borrowers. I derive the decentralized equilibrium
when borrowers are constrained by the aggregate income instead of the individual income
in the Appendix. It better captures the amplification effect from aggregate demand and
provides an analytically tractable solution of the multiplier. The tighter the borrowing
constraint is, i.e., the smaller ¢'? is, the greater amplification will be generated with IBCs.

Nevertheless, allocations from the decentralized equilibrium when there is no AD
shortage are constrained efficient due to the individual labor supply decision of borrowers.
Because borrowers are constrained in labor income, they will choose to work more to
borrow more until they can consume at the optimal level. This leads to constrained
efficient allocations. With AD shortages, consumption can no longer be optimal due to
aggregate demand externalities. Although borrowers will still choose to work more, labor
income and consumption are sub-optimal due to lower wages. The resulting allocations

are ineflicient.
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3.2 The decentralized equilibrium with ABCs

Similar to the model with IBCs, the decentralized equilibrium can be solved backward.
A symmetric equilibrium indicates 67 = 1 for all t. A general form of the asset pricing

equation is given by:
u'(¢5)
/(1)

b1 =

Beds

Asset price is determined by the present discounted value of future cash ﬂows.E There

also exists a threshold level of bf such that:

Lemma 2 The decentralized equilibrium in period 1 given that borrowers are constrained

is determined by b,

o when b > b}, the negative effect of deleveraging on aggregate demand is completely
buffered by the fall in interest rate, and firms produce efficiently at w*, with lenders’
employment n} = n* and borrowers’ employment n® > n*; there is no aggregate

demand shortage;

o when b < bf, there is an aggregate demand shortage, since a further fall in the
interest rate that could have recovered households’ demand is circumscribed by the
zero lower bound. Firms produce and earn an economic profit at wy < w*, with

lenders” employment nl < n*.

When borrowers are constrained, the interest rate must fall to induce lenders to hold less
debt in equilibrium. Thus, the more borrowers are forced to deleverage in period 1, the
lower the interest rate will be. As borrowers deleverage, the interest rate may hit the zero
lower bound, which may lead to aggregate demand shortages.

When there is no aggregate demand shortage. The constrained equilibrium
when b¢ = —¢“%p; and when there is no aggregate demand shortage is pinned down by
the asset pricing equation and the Euler equation of the lenders:

u'(e" +dj — ¢"p1 —w(e"))

pr= B de (3.10)

w(e* +di + b + —"ﬁlfél —v(e*))

o ¢Aap1

PIE v(e*)) = BH1 + ro)u/ (e + db + %qﬁAam —wv(e”)) (3.11)

u'(e* +d) + b —

Assets in the model play two major roles: agents who hold the assets can get a dividend
in the future which can increase consumption; assets can be used as collateral to borrow.

The first role indicates that asset prices will be high when current consumption is high

13Due to the beginning-of-period asset sale, asset price in period 1 does not contain the Lagrangian
multiplier associated with the borrowing constraint. This simplifies the derivations of the equilibrium
and policy analysis in later sections, and does not affect the analytical results.
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or expected future consumption is low. According to Equation (3.10]), when the interest
rate rises, asset prices fall because it lowers the value of bonds, which reduces the amount
borrowers can borrow and thus current consumption. The inverse relation is captured by
the AP curve in Figure

Consider a comparative static with a fall in the net worth of the borrowers in period 1
will lead to lower consumption. If borrowers are constrained, it will depress asset prices
as the demand for assets falls with lower current consumption and the higher marginal
utility of current consumption. On the one hand, since borrowers are constrained, further
deleveraging will induce a fall in the real interest rate rs: % > 0, such that lenders are
discouraged to hold debt, which tends to shift lenders® consumption to the current period.

On the other hand, lower asset prices will make borrowers more constrained, which
further decreases consumption and lower asset prices, resulting in a feedback loop. The new
decentralized equilibrium is shown in Figure [3| with lower interest rates and lower asset
prices. Unlike in the model with an income-based borrowing constraint, this mechanism
does not involve any fall in borrowers’ or lenders’ income as the income is at the efficient
level. To have a unique equilibrium, the partial derivative of the right hand side of
Equation ([3.10)) with respect to p; must be less than 1. This condition is satisfied if ¢42

is small and satisfy:

MBSy iy W(E)U(E)
Zan — 1 - =2 @ a - 27 12
b + (u/(éclb))2 (u (Cl)u (02) + (1 + 7“2) ) > 0 (3 )
which simplifies to: .
B3
-+ = 1
Pt < U(dg + dg) (3.13)

Note that since Z; is less than one, a unit change in wealth of borrowers will cause ﬁ

unit change in asset prices considering the partial equilibrium. Therefore, there is an

amplification effect from the asset pricing equation.

When there is an aggregate demand shortage. The equilibrium will be pinned down

by the asset pricing equation and the aggregate demand equation at the zero lower bound:
u'(e" +dj — ¢p1 —w(e"))

= ¢de 3.14
U= e+ &+ B+ oA — o)) (3.14)

o a
e = QJqﬁA“pl +v(ey) + Jb‘f + (dy — d}) + (e* — v(e")) (3.15)

For the asset pricing equation to have a unique and well-defined solution, it is necessary
that Zy™ > 0 at ro = 0. Let
X =1—1'(e))
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Figure 3: Effect of lower b% on borrowers’ employment and interest rate, no AD shortage

For the aggregate demand equation to have a unique and well-defined solution, X* needs
to be less than one, which is equivalent to v'(e;) < 1[F] Decreasing the net worth of
the borrowers now will not only depress asset prices through the feedback loop via the
borrowing constraint, but also through the amplification mechanism by aggregate demand.
That is, the lower consumption level that gives rise to falling asset prices is a result of
both the asset-based borrowing constraint and the aggregate demand externalities due to
the lower bound on the interest rate. As in Figure [d a reduced wealth of borrowers will
shift the AP curve to the left as it depresses asset prices, and it will shift the AD curve to
the right as it lowers income. As a result, both income and asset prices are lower in the
new equilibrium. This result is in line with the literature on fire sales and amplification

effects from asset-based borrowing.

€1

h

Figure 4: Effect of lower b on borrowers’ employment and wage, with AD shortage

HThe first “a” in the notation “aa” denotes asset-based borrowing, and the second one denotes aggregate
demand shortage.

19



4 Comparative Statics and Ex Post Policies

In this section, I assume that households get a transfer of the final good t? in every period.
I will first consider the comparative statics of two marginal changes, a change in ¢} and #,
to capture a shock on lenders’ liquid wealth or a tax on lenders; and on ¢} /t{ and t}/t$, to
capture the shock on borrowers’ liquid wealth, asset dividend, or a subsidy on borrowers.
A complete list of results of the comparative statics are in the Appendix.

Next, I will analyze the effect of two ex-post policies on welfare, fiscal policy, defined
as a transfer across agents within period; and liquidity operations, defined as a transfer
across time. I focus on households’ welfare after deleveraging in period 1 and period 2,
which is defined as the sum of the discounted utility of households in period 1 given by
VI = w(el) + phu(cl). The total welfare of all households is given by V =3, ﬁ;f)Vh
with a normalization of the Pareto weights. I consider the welfare effects of two types
of ex-post policies, fiscal policy and liquidity operations. The fiscal policy I focus on
is defined as taxing lenders to subsidize borrowers in a lump-sum manner during the

deleveraging period t = 1, and the government budget constraint is given by[™}
altt = ot vh € {a, i}

Liquidity operation is defined as a lump-sum transfer financed by borrowing from lenders
to purchase assets from borrowers in t = 1, and selling assets to the borrowers to pay back
to lenders at ¢t = 2. In practice, when the economy is in a liquidity trap, those liquidity

provisions can be carried out at zero cost. Government budget constraints are given by:

Ll _ _hyih
aty =o'ty

alth = othvh € {a, i}

where t? = th. T will assume o = a® = 0.5 in each economy for simplicity. The superscript

wn
1

notation denotes the type of borrowing or “a” and whether there is an AD shortage:
“n” for no AD shortage or “a” for AD shortage; the subscript notation denotes the type of

agents: “b” for borrowers or “I” for lenders.

Lemma 3 A change int| and t, has similar effects on an income-based borrowing economy

and an asset-based borrowing economy when there is no aggregate demand shortage. An
vt
ot}
based borrowing economy, it is achieved via a fall in the interest rate; in an asset-based

increase in t, will improve welfare of both types of households: > 0. In an income-

15T will also consider another type of fiscal policy that subsidizes labor income of the income-based
borrowers by taxing lenders in later sections
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borrowing economy, it is achieved through not only a fall in the interest rate, but also an

increase in the asset price which affects the welfare of the borrowers, not lenders, and

(a) the decrease in the interest rate generates a redistribution of wealth between borrower

and lenders; however, it does not generate any inefficiencies;
(b) the increase in asset price alleviates the pecuniary externalities.

When there is no AD shortage in the asset-based economy, higher | or lower #, to
the lenders will increase lenders’ demand for bonds, lowering the interest rate, and since
lenders become more willing to hold debt, the collateral that the borrowers need for
borrowing becomes more valuable, which boosts asset price. Therefore, the constraint on
borrowers will be relaxed with higher collateral value. Both borrowers and lenders’ income
stay constant with production and wage at the efficient level. Households earn the same
level of income, and there is no heterogeneity in income. The welfare of the borrowers is
improved by higher asset price that relaxes their borrowing constraint and lower interest
rate. Lenders, similar to lenders in the IBC economy with no AD shortage, are also better
off due to the direct effect of higher consumption from greater wealth dominating the
welfare loss from lower interest rate.

With a positive shock on wealth during deleveraging, the interest rate in both cases
will fall as lenders” demand for bonds increases. In the IBC economy, the reduction in
interest rate will induce borrowers to work more hours such that they can consume more;
similarly, in the ABC economy, it drives up asset prices as higher collateral value enables
borrowers to borrow more and consume more. The resulting higher labor supply of the
borrowers does not affect welfare whereas higher asset prices can alleviate the pecuniary

externalities from the asset price feedback loop when there is no AD shortage.

Lemma 4 A change in t| ort, has an opposite impact on an income-based borrowing
economy when there is no aggregate demand shortage and when there is an aggregate

demand shortage. An increase in tt or a decrease in t, makes the households better off

avh
ot}

worse-off when the interest rate is stuck at the lower bound

> 0, whereas it makes the households

avh
ot}

when the interest rate is above the lower bound

< 0.

When there is no aggregate demand shortage, both types of shocks will not have any
impact on the real wage and production is at an efficient level. Lenders supply labor given
the efficient level of wage. Borrowers, constrained in borrowing by their labor income, will
increase labor supply if the demand for bonds is greater. ¢} and ¢, can indirectly affect
welfare through the interest rate. Higher | or lower ¢, of the lenders will induce them
to save more and boost their demand for bonds, which lowers the interest rate. A lower

interest rate improves the welfare of the borrowers. Borrowers will work more and thus
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have higher labor income, given a lower interest rate, but it does not affect their welfare
since wage is constant'®, Therefore, the welfare of both borrowers and lenders is affected
through interest rate as in and .

When there is an aggregate demand shortage, a positive shock on #| has a similar
effect as a negative shock on t: they both lower households’ income. The decrease in
income results from the binding constraint on the interest rate. A higher ¢} or lower #,
makes lenders more willing to save, which should lower the interest rate. However, since
the interest rate cannot fall further, the bonds market does not clear with an interest rate
too high. In response, lenders save more than they should, which lowers demand. As a
result, firms hire fewer workers, and scale down production, which decreases the wage
rate. Falling income reduces borrowers’ debt capacity, which reduces demand further,
leading to a feedback loog"} With an AD shortage, the wage is below the efficient level,
wy = v'(n}) < 1, welfare of both borrowers and lenders is undermined due to lower income
as in (A.13).

As the output is aggregate demand determined when prices are sticky, the interest
rate will determine consumption demand and thus output. An increase in wealth will
boost consumption of the lenders through a fall in the interest rate, leaving income at the
optimal level when the interest rate is still flexible to move. The welfare of the borrowers
is improved due to lower interest rate while that of the lenders is improved due to the
direct effect of higher consumption dominating the adverse effect of lower interest rates.
When the interest rate is at the lower bound, however, the demand shortage will be
worsened by excessive savings of the lenders, which depresses production. The resulting
lower wage and employment reduces income, further tightening the borrowing constraint
when the debt limit is determined by income. The welfare of both types of households

will be undermined as income decreases.

Lemma 5 A change in t§ or t} has different welfare implications for an income-based

borrowing economy and an asset-based borrowing economy when there is no aggregate

demand shortage. An increase in t{ or t} will improve the welfare of borrowers: %‘;j >0
X 1

and %‘;Z > 0, and improve the welfare of lenders in the asset-based economy but will
1

undermine welfare of lenders in the income-based economy. The difference in welfare

implications originates from the disparate effect on the interest rate:
(a) with IBC, interest rate falls due to less borrowing with lower labor supply;

(b) with ABC, interest rate rises due to more borrowing with higher asset prices.

16Als0 by the envelope theorem, changes in optimal labor supply does not directly affect welfare.
1"The GHH preference precludes the positive effect on labor supply when consumption falls and thus
there is more amplification.
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For an income-based borrowing economy, when there is no aggregate demand shortage,
an increase in ¢ or a decrease in t} will increase the consumption of the borrowers. Higher
consumption makes borrowers less willing to borrow and therefore less incentivized to work
so labor supply decreases, which decreases their debt with lower labor income. Interest
rate falls in response to the lower supply of bonds. As with previous results when there
is no AD shortage, changes in employment do not affect welfare. The welfare of the
borrowers is improved through the direct effect of higher consumption and the reduction
in interest rate, while the welfare of lenders is compromised due to lower interest rate.
There is again a redistribution effect from interest rate changes, which does not generate
any inefficiencies.

Consider a marginal increase in t{ or a decrease in t§ when there is no aggregate
demand shortage in an ABC economy. An increase in asset dividends will make assets
more valuable as it not only boosts the consumption by the borrowers in the current
period directly, but relaxes the borrowing constraint as the price of the asset rises, which
further increases consumption and inflates asset price. This is the canonical amplification
mechanism with the asset-based borrowing constraint. Meanwhile, the interest rate must
increase since the supply of bonds rises as the borrowers expand their debt capacity with
more valuable collaterals. The welfare of borrowers is improved due to higher asset prices
relaxing the borrowing constraint and the direct effect of higher consumption.

Fiscal policy with no AD shortage. In an IBC economy, the fiscal policy that
transfers from lenders to borrowers will increase interest ratd’sl The increase in interest
rate will have a redistribution effect in wealth from borrowers to lenders, but it does not
generate any inefficiencies since the total welfare of all households is unchanged. Borrowers

are better off and lenders are worse off due to the direct effect on consumption.
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In an ABC economy, the impact of fiscal policy on interest rate is similar to that of
income-based borrowing: interest rate will increase, which generates a wealth redistribution
between borrowers and lenders.

However, its impact on asset prices is ambiguous since subsidizing borrowers and
lenders both increase asset prices. Given that ¢ is small such that the effect of asset

I can be

prices on welfare is small, borrowers are still better off. In addition, since «
much larger than o as constrained asset-based borrowers are only a small fraction of
households, the positive effect on asset prices from a large purchase of asset can dominate
the adverse effect on asset price from a small amount of borrowing from lenders. Lenders
are worse off due to the direct effect of a reduction in consumption dominating the gain

from the higher interest rate.
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Proposition 1 A fiscal policy that tazes lenders to subsidize borrowers in a crisis will
improve the welfare of the borrowers and undermine the welfare of the lenders when there

is no aggregate demand shortage, in both the IBC and ABC economy.
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(a) In the IBC economy, it only generates a wealth redistribution by increasing the

interest rate;

(b) In the ABC economy, it can relax the borrowing constraint by boosting asset prices

to further improve the welfare of the borrowers in addition to a wealth redistribution.

Lemma 6 A change in t\ and t, has an opposing effect on an income-based borrowing
economy when there is an aggregate demand shortage and an asset-based borrowing economy
when there is no aggregate demand shortage. An increase in tt undermines welfare with

. . h . . .
income-based borrowing (2)., < 0, and improves welfare with asset-based borrowing

ott
h
(%)ﬁAD > 0.

Lemma 7 A change in lenders’ endowment t\ and t, has similar effects on an income-
based borrowing economy and an asset-based borrowing economy when there is an aggregated
demand shortage. An increase in t\ or a decrease in ty will lower income and undermine
the welfare of both types of households: % < 0. In an asset-based borrowing economy,
it affects the welfare of the borrowers through depressing asset prices and tightening the
borrowing constraint in addition to the direct effect of lower wages and income; in an
imcome-based economy, it affects the welfare of lenders through lowering income and
tightening the borrowing constraint, and the direct effect of lower wage and income.
Whether its impact is more pronounced will depend on the responsiveness of income to

aa

. .z
changes in the asset price XL;;“
(a) If —)Zﬁz > 1, the effect of changes in lenders’ wealth will be greater in income than

b

ave v
ot} oty -

asset price for the ABC borrowers, and >

Consider a marginal increase in #| and t5 when there is an aggregate demand shortage
for an asset-based borrowing economy. As with an IBC economy with an AD shortage,
higher t! or lower t, leads to excessive saving by lenders, and depresses demand and
production. Wage is lower, resulting in lower income for all households. Lower income
decreases asset prices, making it harder for borrowers to borrow. With a tighter constraint,
borrowers reduce consumption further, which depresses demand and production further,
leading to a feedback loop. Unlike in the IBC model, lower aggregate demand and lower
asset price reinforce each other. In the IBC model, borrowers will increase working hours
in response to lower consumption, which raises wages and tempers the negative effect on
income.

An income-based borrowing economy with an AD shortage and an asset-based borrow-
ing economy with no AD shortage can demonstrate the disparate transmission mechanisms
of the two types of amplification. With income-based borrowing, shocks are transmitted

through aggregate demand, and can be amplified only when wage falls. With asset-based
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borrowing, it is not necessary to have fluctuating income or wage for shocks to be amplified.
Therefore, even when there is no AD shortage and wage is constant at the efficient level,
amplification can occur through asset price changes. As t} increases, it lowers income
with income-based borrowing, but raises asset price with asset-based borrowing when
aggregate demand externalities are absent. Thus, subsidizing lenders in the two economies

will have an opposing impact on households” welfare.

Lemma 8 A change in t¢ or t} has different welfare implications for an income-based
borrowing economy and an asset-based borrowing economy when there is an aggregate
demand shortage. An increase in t§ or ti makes all households better off in an asset-based
borrowing economy: % > 0, whereas it can make lenders worse off in an income-based
borrowing economy when aggregate demand externalities are large. The difference in

welfare implications originates from the disparate effect on aggregate demand:
(a) with IBC, aggregate demand falls due to less borrowing with lower labor supply;

(b) with ABC, aggregate demand increases due to more borrowing with higher asset

prices.

When there is an aggregate demand shortage and the interest rate is at the lower bound in
an IBC economy, an increase in d} or a decrease in d}, will increase the consumption of the
borrowers. Higher consumption makes borrowers less willing to borrow and therefore less
incentivized to work so labor supply decreases, which decreases their borrowing with lower
labor income. Since the interest rate cannot fall to induce lenders to save less, the bonds
market does not clear without adjustment of production and wage. Since lenders have
excessive savings at the current interest rate, aggregate demand is lower, which decreases
production. Firms will hire less and wages fall, reducing the income of households. The
welfare of the lenders is undermined due to lower income. The welfare of the borrowers
can still be improved by the direct effect of higher consumption.

A marginal increase in df or a decrease in dj when there is an aggregate demand
shortage in an ABC economy will increase the consumption of the borrowers. Higher
current consumption boosts asset prices, enabling borrowing to take on more debt. Without
adjustment of the interest rate, this boosts aggregate demand. Firms hire more labor
and produce more, which raises income. Higher income further boosts consumption and
asset prices. As a result, assets become more valuable and income is also higher. The
welfare of both borrowers and lenders is improved. This result will hold if the asset-based
borrowing constraint is in the form b¢ > ¢4%@,p; instead of b¢ > $“%0,p, as in the current
model. Subsidizing the ABC borrowers to increase consumption will also make them less

incentivized to borrow, which lowers asset price, but as long as ¢“%slessthanone, the

26



direct positive effect of higher current consumption on asset price will dominate. The
smaller ¢ is, the greater asset price increases given the subsidylﬂ

Fiscal policy with an AD shortage. When there is an aggregate demand shortage
in an IBC economy, a fiscal policy that taxes the lenders to subsidize the borrowers during

the deleveraging period at ¢ = 1 will have an impact on households as follows:
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The impact of fiscal policy on the income of lenders and borrowers is ambiguous since
subsidizing the borrowers lowers income through aggregate demand as analyzed before.
To have a positive net effect on income, first ¢!* need to be small (to temper the negative

A 1
Xie X

effect of lower borrowing on aggregate demand and income) such that < and

thus ]j—iﬂ < ]%

be small if there are both ABC and IBC borrowers in the economy. Higher income will

|; second, the amount of lump-sum transfer to the IBC borrowers need to

improve the welfare of the borrowers by directly boosting net consumption and relaxing
the borrowing constraint. It can improve the welfare of the lenders by directly boosting

net consumption. Note that this result will depend on the magnitude of the amplification
1
T xial xia

When there is an aggregate demand shortage in an ABC economy, a fiscal poblicy that

effect as well. The multiplier effect on welfare from lower ! is given by > 1.

taxes the lenders to subsidize the borrowers during the deleveraging period at t = 1 will

19Gee proof in the Appendix.
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have an impact on households as follows:
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Unlike in the IBC model, subsidizing the ABC borrowers will increase asset prices, which
reinforces the positive effect on aggregate demand and income. Therefore, a fiscal policy
improves the welfare of the borrowers by boosting net consumption from higher income
and relaxing the borrowing constraint with higher asset prices. It can also improve welfare
of the lenders since the multiplier on income is greater than one and thus the positive

effect on net consumption will dominate the negative effect from taxing the lenders.

Proposition 2 A fiscal policy that tazes lenders to subsidize borrowers in a crisis will
improve welfare of both borrowers and lenders when there is an aggregate demand shortage,
in both the IBC and ABC economy. Subsidizing the ABC borrowers is more effective than

subsidizing the IBC borrowers:

(a) in the IBC economy, the sufficient condition for this result to hold is ——a—= > 1;

(b) in the ABC economy, the sufficient condition for this result to hold is % > 1;
1- 2k

g
~
>

(c) if )Z(‘;Z > )Z(’zz > 1, fiscal policy improves the welfare of the ABC borrowers more than
b b

ABC borrowers.

Liquidity operations with no AD shortage. In an IBC economy, liquidity operations
have a similar impact on the interest rate as a tax on lenders, but it can make both
borrowers and lenders better off. Since lenders are unconstrained, a transfer across time
does not affect welfare directly through consumption. They are better off as a result

of higher interest rate. Because borrowers are constrained, a transfer across time can
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improve welfare directly by relaxing the borrowing constraint.
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Similarly, liquidity operations in an ABC economy will improve the welfare of both
borrowers and lenders in the asset-based borrowing economy as in the income-based

borrowing economy.
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Liquidity operations with an AD shortage. Liquidity operations that borrow
from lenders to purchase assets from income-based borrowers at ¢ = 1, and sell assets
to income-based borrowers to pay back to lenders at ¢t = 2, will affect the welfare of the
households:
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In an ABC economy, liquidity operations will affect the welfare of the households as

follows:
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Liquidity operations will improve the welfare of both borrowers and lenders as previously.

Proposition 3 Liquidity operations that borrow from lenders to purchase assets from
borrowers in a crisis, and sell assets to borrowers to pay back to lenders in the future
will tmprove the welfare of both borrowers and lenders when there is no aggregate demand
shortage and when there is an aggregate demand shortage, in both the IBC and ABC

economy.

(a) when there is no aggregate demand shortage, it improves lenders’ welfare by increasing

interest rate;

(b) when there is an aggregate demand shortage, it improves lenders’ welfare by increasing

wages.

5 Macroprudential Policies

Ex post policies can lead to Pareto improvements when aggregate demand externalities
are large. However, it depends on the magnitude of the amplification. In a model set-up
with separable preferences of households and the wealth effect on labor supply, aggregate
demand externalities might not be large enough such that a fiscal policy as implemented

in the previous section achieves such welfare improvements. Therefore, it is important to
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understand how ex ante policies, such as macroprudential policies, can be implemented to
achieve an efficient outcome. I analyze the problem of a constrained planner that faces the
same borrowing constraints as households do in the decentralized optimization problem,
choosing allocations during the debt accumulation stage.

Let By be the aggregate level of debt in the b € {a,i} type of borrowing economy in
period 1, and A\, be the Lagrangian multiplier associated with the type h borrowers. The

decentralized problem of the households in period one can be written as:

bh
VY, By) = ?}a}f{u(nl(Bbl) +dy b - TZ(BM) —o(n{(Bn)))

+ Bu(ng + dy + by — v(n3)) + Aufbs + 60} (By) + ¢ 0ip1(Bu)]} (5.1)

where n! (B;;) = 2ai o"'nt (b)) + v(nk(Bi)) + 2 + (dy — dl) (e - v(e )) when there is
an AD shortage; dg =0 When there is no AD shortage. dB
shortage. And p;(B,) = 9. And r9(Bp) = 0 when there is an AD shortage;
r5(Bp) > 0 when there is no AD shortage. The first-order conditions are given by
() = (14 ro) (B (ch) + M) and /() (1 — o'(nh)) + A\pp™ = 0. The constrained

planner takes into account the impact of aggregate debt on interest rate, aggregate demand,

and asset price, so she chooses the aggregate level of debt in period 0 to:

max Zah’yh[u( —v(nh)) + BRVI(bE Byy)]

{08777‘87 Bbl} heH

s.t. Za Za nh+ohdp), (5.2)

heH heH

171 Iyl apa Iyl
By = a'b] = —a’hy, or B, =a%]=—a'l]

The optimality conditions for the constrained planner’s problem is given by:

v(ng) =1 (5.3)
(&) = 7"2/(66‘) for he {i,a} (5.4)

heH

First consider an income-based borrowing economy, i.e., b = 7. The optimality condition
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(5.5) can be written as:

Lol 1/~ i1 1L 1l 1 /ldnl i ipi ! /id”li
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dnt , Py 1 dr
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(5.6)

= '8/ (¢1)+a'y B/ (¢1) (1= (ny)) =

Note that the planner will never choose a level of aggregate debt B;; which leads to

an aggregate demand shortage. The reason is that when there is an AD shortage,
] 1+2 ¢11 dnj .
jgjl = al(f ] B))l which makes the optimality condition of the planner (5.6)) impossible

to hold with equality. Therefore, the constrained efficient allocations of the planner exist
only when b > bl

Proposition 4 In both the IBC economy, a macroprudential policy can be implemented
to achieve constrained efficient allocations in the decentralized equilibrium. The macropru-
dential policy can be implemented as a quantity restriction on any positive debt issuance

such that b, > b, combined with a lump-sum transfer between borrowers and lenders.

Next consider an asset-based borrowing economy, i.e., b = a. The optimality condition
(5.5) can be written as:

dn dn?
381 @) = "7 (@) + @y B (@) (1~ G l>>d§al +at g (@) - o () T
l / a By, ! 1 d’f’g a® a a Aa dpl

Similarly, the planner will never choose a level of aggregate debt B,; which leads to an
dn!, 1+2a%¢Ae d(g)all
» @B~ Tal(=v(n])

which makes the optimality condition of the planner ([5.7)) impossible to hold with equality.

aggregate demand shortage since when there is an AD shortage

Therefore, the constrained efficient allocations of the planner exist only when bf > b7.

Moreover, (5.7) implies the planner will distort the Euler equation of the households

1( =l 1(=a
whenever the borrowers are constrained, i.e., A\, > 0, such that Z,Ei}; > Z,Ei}l; The
0 0

constrained efficient allocation can be implemented with a tax 73 on bond issuance of

the borrowers combined with a lump-sum transfer to the borrowers. Assume the Pareto

weights are chosen such that li — v@)
v ()
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optimal macroprudential tax 7§ is then given by:

d
aaﬁagbfmﬁ)\a

ﬁaul(étll) + aa6a¢AacidB+tlAa

%

(5.8)

Proposition 5 In the ABC economy, a macroprudential policy can be implemented to
achieve constrained efficient allocations in the decentralized equilibrium. The macropru-

dential policy can be implemented as:
e a quantity restriction on any positive debt issuance, or

e a tax 7§ given in (5.8) on any positive debt issuance which is rebated to households

n a lump-sum manner,

combined with a lump-sum transfer between borrowers and lenders.

6 An Economy with Two Types of Borrowers

In this section, I will consider the model with additional heterogeneity in which H =
{l,i,a}, and each type of households has a weight of o™ with >, a" = 1. The model
environment is the same as in the previous section. I restrict ¢’ = ¢4 = 0, and
¢’ > 0,04 > 0. Firms and houscholds optimization problem is given in and
([2.12). One important modification of the model in the numerical illustration is to have
aggregate income, instead of individual income, in the income-based borrowing constraint.
This modification enables the decentralized equilibrium at ¢ = 1,2 to be reduced to and
pinned down by only two endogenous variables, interest rate and asset price when there is
no aggregate demand shortage; and aggregate income and asset price when there is an
aggregate demand shortage. Comparative statics of changes in |, # and t¢ are similar to
those of the model with individual income in the borrowing constraint. However, since
borrowers no longer have the incentive to increase labor supply when consumption is low
and to decrease labor supply when consumption is high, there will be no adverse impact
on aggregate demand when ¢} increases as seen in the model with individual income
in the borrowing constraint when there is an aggregate demand shortage. Therefore, a
transfer or subsidy to the IBC borrowers will improve the welfare of households more in
the aggregate income model. All the derivations for the decentralized equilibrium and
comparative statics are in the Appendix.

In the decentralized equilibrium, income- or asset-based borrowers can be the only
type of households who are constrained in borrowing, but I will focus on the decentralized

equilibrium in which both types of borrowers are borrowing constrained since it is
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more relevant for policy consideration. The bonds market clearing condition becomes
I _ _a%1a alri
by = — 24 0F — %50}

When there is no aggregate demand shortage, the equilibrium is pinned down by:

W(ch) = B (14 r)u'(¢) (6.1
u'(é5) = ' (1 + r)u' () (6.2)
u'(&) = (14 ) (&) (6.3)
(e +ds— oM —v(e) L,
b= w(e* +di + b8 + ¢1+f1 — v(e*))ﬁ o (6.4)
u'(e* + di + b — m( ¢ p1 + ¢h ") —wv(e”)) (6.5)
= BN (1 4 ro)u/ (e + db + gbAap + qb“ *—w(e)) (6.6)

When there is an aggregate demand shortage, the equilibrium is pinned down by:

W(&) = F(1+ 1) (@)
W(&) = B+ ) (&) (6.8)
(&) = B+ ) (@)

’(6* 4 da ¢Aap1 o v(e*))

— ade 6.10
P1 u' (e + d§ + 0% + gbA“pl — v(el))ﬁ 2 ( )

21 —2—¢A“ 1—1—2 (bhel—l—v(el) Jb‘f Jbll + (dy, — d)) + (e —v(e))  (6.11)
b= ——b — —bi (6.12)
« o g
by = —0"p — <o (6.13)
! !
Illustration: a numerical example. I assume the utility function takes the form of:

1 nhl-i-f

h t 1—
C, — o,

u(cf,n?) —1_1
g

where ¢ is the intertemporal elasticity of substitution and & is the frisch elasticity of labor

supply. Value of the parameters in the model is calibrated as in Table
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elasticity of substitution o 0.5 | standard value

disutility parameter of labor X 1

frisch elasticity of labor supply ¢ 1

discount factor of asset-based £ | 0.96 | standard value

borrowers

discount factor of income-based B¢ | 0.96 | standard value

borrowers

discount factor of lenders Ik 1

fraction of asset-based borrowers a* | 0.1 | the share of borrowing households

who have mortgage

fraction of income-based borrowers o' |1 0.15

fraction of lenders a1 0.75

tightness of the ABC »4 | 0.3 | mortgage debt service payments as
a percentage of disposable income

tightness of the IBC ¢’ | 0.1 | credit card debt as a percentage of
GDP

elasticity of substitution € 0.8 | standard value

asset dividend d" | 0.15 | average of housing share of US
GDP

initial bond holdings of asset-based | b3 | -0.2 | household mortgage debt to GDP

borrowers ratio

initial bond holdings of by | -0.2 | household credit card debt to GDP

income-based borrowers ratio

Table 1: Assumptions on parameters

Following these assumptions on parameters, e* = n* = 1. The decentralized equilibria
are characterized in Figure [5] when there is no AD shortage and in Figure [6] when there
is an AD shortage. Both equilibria is unique and well-defined. When there is an AD
shortage (given the initial debt of borrowers b}y = —0.28), there is an equilibrium at which
aggregate income is above 1. This equilibrium is not sustainable since firms will earn
negative profits if the wage is above one. When there is no AD shortage, a fiscal policy
that taxes the lenders to transfer to the asset-based borrowers, will shift the AP and
AD curve up, leading to higher asset prices and higher interest rate. When there is an
AD shortage, it also shifts up both the AP and AD curve, leading to higher asset prices
and aggregate income. With a transfer to the income-based borrowers, there will be no
upward shift of the AP curve, and therefore, asset prices and income do not rise as much

as subsidizing the asset-based borrowers, which results in a smaller welfare improvement.

35



0.015 . . . . ; 1.05 . —
AP \ AP
AD AD -
‘ 1H efficient income ! .
\ | y
\ 0.95 /\
001+ ‘ 1 09t /
| o
085+ P /
— 08t /
0005 ‘ g 0.75
s 07 //
‘ 0.65 /
| '
e
. . , , . . .
0 ‘ 06
0.116 0.118 0.12 0.122 0.124 0.126 0.128 o 0.05 0.1 0.15
p1 p1

Figure 5: Equilibrium, No AD Shortage Figure 6: Equilibrium, AD Shortage

Figure [7| and [§] illustrate the marginal welfare gains from the fiscal policy. Fiscal
policy does not lead to a Pareto improvement when there is no AD shortage. It incurs a
welfare loss for the lenders due to a higher interest rate. However, it leads to a Pareto
improvement when there is an AD shortage, since the income of both borrowers and
lenders becomes higher, which improves their welfare. Moreover, as the fraction of subsidy
given to the asset-based borrowers increases, the marginal gain in the welfare of both

types of borrowers increases.

25

—k— lenders —— lenders

——+— ABC borrowers 5 2 ——+— ABG borrowers
— — IBC borrowers A 40 | — — IBC borrowers
7 borrowers

borrowers

of s

marginal welfare change
marginal welfare change

o

e x———————————F————

1 I I I I I I I I 0 | | I I I I I I I

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
fraction of subsidy to ABC borrowers fraction of subsidy to ABC borrowers

Figure 7: Welfare gains, No AD Shortage Figure 8: Welfare gains, AD Shortage

7 Conclusion

This paper studies the amplification effects with income-based borrowing constraints
versus asset-based borrowing constraints. The effects of shocks are amplified via the
pecuniary externalities arising from falling asset prices with the asset-based constraints,

whereas they are amplified via the aggregate demand externalities as a result of the binding
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lower bound on the interest rate with the income-based constraints. The differences in the
transmission mechanism of shocks with these types of constraints have different policy
implications.

A fiscal policy that taxes lenders to subsidize borrowers in a crisis will improve the
welfare of the borrowers and undermine the welfare of the lenders when there is no
aggregate demand shortage, in both the IBC and ABC economy. In the IBC economy, it
only generates wealth redistribution by increasing the interest rate. In the ABC economy,
it can relax the borrowing constraint by boosting asset prices to improve the welfare of
the borrowers in addition to wealth redistribution. Lenders are always worse off due to
the tax. A fiscal policy that taxes lenders to subsidize borrowers in a crisis can improve
the welfare of both borrowers and lenders when there is an aggregate demand shortage,
leading to a Pareto improvement when aggregate demand externalities are large in both
the IBC and ABC economy. Subsidizing the ABC borrowers in a lump-sum form can
improve welfare more than subsidizing the IBC borrowers.

Liquidity operations that borrow from lenders to carry out asset purchases during a
deleveraging episode and sales after deleveraging to pay back to lenders can lead to a Pareto
improvement independent of whether there is an aggregate demand shortage, in both the
IBC and ABC economy. Since it involves a transfer across time, it improves borrowers’
welfare by getting around the borrowing constraint. Since lenders are unconstrained, the
effect of a current loss in wealth is completely offset by an increase in wealth in the future.
When there is no aggregate demand shortage, it improves lenders’ welfare by increasing
interest rate; when there is an aggregate demand shortage, it improves lenders’ welfare by

increasing income.

A quantity restriction on debt issuance can achieve constrained efficiency with both
IBCs and ABCs. A macroprudential tax on any positive debt issuance combined with a
transfer between borrowers and lenders will lead to constrained efficient allocation with
ABCs. Due to the form of preferences, it is not feasible to derive an analytical solution
of the optimal macroprudential tax with IBCs, which opens up possibilities for future
research.
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Appendix
A.1 Solving the model

Conditions for deleveraging to occur. Borrowers need to be sufficiently more impatient
than lenders so that they will choose a level of d; greater than d;. The Euler equations
for households in the initial two time periods are given by:

w(e*_l—lfrl) u' (e —1—|—1+r1) (A1)

B (1—d)e —1+d1)  Bu((1+o)er —1—dy)

Consider the LHS of Equation (A.1)) when ry reaches 0. By (A.47), the LHS can be
reduced to:

1+T1:

dy
1+T1
[

Observe that r; is an increasing function of d;, and therefore, the upper bound on ¢,
which is determined by 3!, determines the upper bound on d;, d;, which defines an upper

bound on ;. Moreover, note that ) 1. Rewrite the RHS of -

(BY2(1+r) =d(ef—1—

) (A.2)

d(14ry)
b gl u'(e — 1) wle =1+ i) A
E= v e —1=d) wie -1 i) Y

A higher d; indicates a lower 3" and a higher & due to the strict concavity of «/(-). This
will render the first fraction on the RHS of - less than 1. Similarly, 7; increases,

and Wlth (dl) > 1, the second fraction on the RHS of (| - ) will also be less than 1.

+r1)

Equation (A.3 - then defines a lower bound for 4°. As long as 8" < 3°, borrowers will
choose a level of d; which is sufficiently high to trigger a demand-driven recession.

Restrictions on ¢!' in the IBC model. To see why we need a restriction on ¢'*,

rewrite Equation (3.5)) as:
o oM tigy, 4(5)
wy; —v'(n}) + —— ‘ot ——== >0 A4
=)+ T = o (A1

Take derivative with respect to n! with Equation (A.6)):

: : d’l“g
(b”wlnll] ~ =
dnj

e B E(E)
Grrp !t T wie

//i_(bwlﬁ u 61’ ”w—u”&iuc wr — v (n
v"(nf) (()){ (@) (&) w — () (&) [wy — ' (ny) +

Since RHS is positive, if

¢Izw1

1+T2

[} (A5)

| B e

(u'(¢))> o >0,

the interest rate will be decreasing when employment of the borrowers increases. Ap-
proximate (1 + ro)u'(&) ~ Bi/(c) = «/(¢}), and the CRRA utility function with o the
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elasticity of substitution, the inequality can be rewritten as:

C
(bh < o—L_ 1

The threshold level of b} in the IBC model. The threshold level of b can be
derived from Equation (3.5) and (A.7)) by setting the real interest rate to zero and the
real wage to 1:

u'(e* 4+t + db — ¢Mwint — v(n*))

_ Ii _ pigli A.
wn = v'(ny) + ¢Twn = Fi¢Tw Y (wint + £+ di+ b+ pliwgnt — v(nl)) (4.6)
u'(wing + ¢ +dy — %bi - —cb‘”wml —v(ny)) = (e’ +ty +dy+ — cb”wml —wv(n"))
(A7)

With lower b¢ or greater leverage, labor supply of the borrowers is increasing by both of
the equations. Define the solution from the system of equations as I_)i. Therefore, ¢!* has
to be sufficiently small so that the interest rate will reach the zero lower bound before
borrowers work more hours to be unconstrained by the borrowing limit.

A.2 Comparative Statics
A. a shock on t| and t}

Income-based borrowing with no AD shortage. When there is no aggregate
demand shortage, both types of shocks will not have any impact on the real wage and
production is at an efficient level. Lenders supply labor given the efficient level of wage.
Borrowers, constrained in borrowing by their labor income, will increase labor supply
if the demand for bonds is greater. t| and t, can indirectly affect welfare through the
interest rate. Higher ¢/ or lower ¢} of the lenders will induce them to save more and boost
their demand for bonds, which lowers the interest rate. A lower interest rate improves the
welfare of the borrowers. Borrowers will work more and thus have higher labor income,
given a lower interest rate, but it does not affect their welfare since wage is Constanﬂ
Therefore, the welfare of both borrowers and lenders is affected through interest rate as in

20Also by the envelope theorem, changes in optimal labor supply does not directly affect welfare.
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(AT0) and (E11).

W (@)

u"(éll)

dn’ X drs xm I
dtll_Z?,"_ZZ”>0 d_tll_—ﬂ_ﬂX_gn<O (Ag)
XX XX
i _ Bl Atra)u (&) p _ B Q@)
ny X" T2 X" b
= : — <0 — = . . — > () A9
i, ~ @ _ i, ~ @ _zr xp (4.9)
XX XX
oVt s i dTwint dry oV ) rod o plwnt dry
— =—u(d])——-— >0 — =u()l+————)>0 A.10
ott (&) (14 1rg)2 dtt ot (@) al (1 +1y)2 dtll> ( )
oV? L dlwnt drg oVt ) o plwnt dry
2 (e 2 == 1+ ———---=--"2)>0 A1l
o~ A o~ G e (A-11)
where )Z(’Zg: is the slope of borrowers’ labor supply equation, and )Z(ll: is the aggregate
demand equation with
in i Bi¢tw g, ~i ~i ¢ w, i ~i ~i
27 =/ () = S O e G () + (un + T — v () G ()] > 0
1
mn ¢Hw1 /8i¢1iwlni ~; ~
X" = IR 1+ (ul(éli));u"(cl)u’(cz)] <0
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Income-based borrowing with an AD shortage. When there is an aggregate
demand shortage, a positive shock on ¢} has a similar effect as a negative shock on 4
they both lower households’ income. The decrease in income results from the binding
constraint on the interest rate. A higher ¢} or lower ¢, makes lenders more willing to save,
which should lower the interest rate. However, since the interest rate cannot fall further,
the bonds market does not clear with an interest rate too high. In response, lenders save
more than they should, which lowers demand. As a result, firms hire fewer workers, and
scale down production, which decreases the wage rate. Falling income reduces borrowers’
debt capacity, which reduces demand further, leading to a feedback loop. With an AD
shortage, the wage is below the efficient level, w; = v'(n}) < 1, welfare of both borrowers
and lenders is undermined due to lower income as in (A.13)).

. . 1
dej dej xje

S - 0
at T Tak T Tz A

X X"

ovy _ v'(nj) iy el
ott - v'(nh) (1 —w)u'(¢))) dtl 0
ovi v (n?) .. det
8_t§ - v’(nli) (1-— wl)u'(cl))d—tg >0

1 .
dey def xe oz
Lol A0 (A2
dtll dtl2 4" 4 Xga < ( )
X X"

a‘/ll ~l ~1 dell
87511 = u/(cl) + (1 - wl)UI(Cl)d_tll <0 (A.13)
8Vl d l

ll = g'/(&) + (1 - wl)ul(éll)ill >0 (A.14)
ot dty
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a

Xla

where )Z(‘;z is the slope of borrowers’ labor supply equation, and
b

demand equation with

is the aggregate

Bnghwl
(w(@))?

Xg'a — (1 4 ¢Iz 5z¢11

Zy" = v"(ny) — 7 =g [0 (@) (6) + (L + ¢ — o (ny))u" (€)' ()] > 0
u'(&)
u'(¢)
zwfz ¢”>0

)o"(ny) >0

To have a well-defined equilibrium, the slopes of the two equations are restricted such

that Z Xw )Z(’Z (can be satisfied when ol is small). Note that the amplification effect is
b
1
. . xa Zia . 1
captured by the multiplier (1 — wl)rlzf‘lx%“ = T/zia > 1 with 2 Xw Xw " for the
X’La XZG, X’La X'La

lenders. Moreover, the income of the lenders are affected more than the borrowers since
borrowers will increase labor supply when consumption falls due to lower income, as they
are constrained in borrowing by labor income, which counteracted the impact of higher #},

21
that is Xw > 1

Asset-based borrowing with no AD shortage. When there is no AD shortage,
higher # or lower t, to the lenders will increase lenders’ demand for bonds, lowering
the interest rate, and since lenders become more willing to hold debt, the collateral
that the borrowers need for borrowing becomes more valuable, which boosts asset price.
Therefore, the constraint on borrowers will be relaxed with higher collateral value. Both
borrowers and lenders’ income stay constant with production and wage at the efficient
level. Households earn the same level of income, and there is no heterogeneity in income.
The welfare of the borrowers is improved by higher asset price that relaxes their borrowing
constraint and lower interest rate. Lenders, similar to lenders in the IBC economy with
no AD shortage, are also better off due to the direct effect of higher consumption from
greater wealth dominating the welfare loss from lower interest rate. The marginal effects

21See proof in the Appendix.
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on the interest rate, asset price and welfare are given by:

u'"(¢}) u"(e})
dp X dry Xg zy

b B a2 !
i =7z > i~ I 7 X <V (A.15)
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ove pAp1  dry
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Zgn
where where X,m

demand equatlon with

is the slope of borrowers’ labor supply equation, and 2 is the aggregate

Xan

sapeds
(&)
an __ ¢Aap1 Badg ul &

X ~ O ) () <0
(@)

L B+ ()] > 0

a Aa
_al 1A g O
- 6 u (62> - Ju (cl) (1 I 7’2)2

Zon — 1
b= (1 +7)

e
>0

Asset-based borrowing with AD shortage. Next, consider a marginal increase
in ¢ and t, when there is an aggregate demand shortage for an asset-based borrowing
economy. As with an IBC economy with an AD shortage, higher ¢\ or lower t, leads
to excessive saving by lenders, and depresses demand and production. Wage is lower,
resulting in lower income for all households. Lower income decreases asset prices, making it
harder for borrowers to borrow. With a tighter constraint, borrowers reduce consumption
further, which depresses demand and production further, leading to a feedback loop.
Unlike in the IBC model, lower aggregate demand and lower asset price reinforce each
other. In the IBC model, borrowers will increase working hours in response to lower
consumption, which raises wages and tempers the negative effect on income. The marginal
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effect on income, asset price and welfare are given by:

1 1
dp X de, X 4"
=7 oz <O P i (A20)
1 Xge — Xge ! Xpe X
1 1
dp _ X de, X 2"
d_tl2 = W > 0 d_tlz - Zga _ Zlaa X;)za’ > O <A22>
Xga T Xaa Xgea — Xae
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o = (L= vle) g + oM (@) (4.23)
dpy ov? de
a 4 Aa ~a C !
— oA (¢ )d_l <0 o @)+ (1 - U/(el))]u/(cll)d_tll <0
(A.24)
ava de adp ~a
o (1 - Ul(el))d_tll + ¢! ﬁ]“/(cl) (A.25)
2 2
a a dp 8Vl C C de
- o) > 0 B = @+ - vl @) g > 0
(A.26)

" is the aggregate demand

where Zb is the slope of the asset pricing equation, and Z Xw

Xaa
equation with

oy OB 0 ()
Zb =1+ (u/(é(ll))z( ( 1) ( 2) + (1 +T2) ) >0
Xpo= B e (@) (@) > 0

(w(et))
Zp = 2% 41 > 0
«
X =1-1'(ey) >0

Zp* is greater than zero under the previous restriction. I also restrict the slope of the
asset equation and the aggregate demand equation in order to have a well-defined solution.
That is, 2. > 2L Note that the impact of one unit of increase in ¢ on welfare through

) Xl;la Xaa .
the channel of income will be amplified by % > 1. To capture the reinforcing
Xl xge
effect of asset price and aggregate demand, X:l > )Z(’:m such that ]‘;f}] > | it |

B. a shock on borrowers’ dividend ! and th, or t¢ and t4

The effects of a shock on borrowers’ dividend d¢ and dﬁ, or df and d§ are equivalent to
the effect of a change in ¢} or t¢, so I will use the notation of the transfers instead of the
dividends.

Income-based borrowing with no AD shortage. For an income-based borrowing
economy, when there is no aggregate demand shortage, an increase in ¢ or a decrease in
t will increase the consumption of the borrowers. Higher consumption makes borrowers
less willing to borrow and therefore less incentivized to work so labor supply decreases,
which decreases their debt with lower labor income. Interest rate falls in response to the
lower supply of bonds. As with previous results when there is no AD shortage, changes in
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employment do not affect welfare. The welfare of the borrowers is improved through the
direct effect of higher consumption and the reduction in interest rate, while the welfare of
lenders is compromised due to lower interest rate. There is again a redistribution effect
from interest rate changes, which does not generate any inefficiencies.

e e

dnl b drs X" Zi”
1 — <0 e — <0 A .27
dn’ Jig d oy Z‘
nll Xl'“l ’]"2 Xin m
LR _ >0 s — >0 A.28
oV . dTwint dry oV 4 (b”wml dry
— = Il — ——-=—1>0 — = P <0 (A.29
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ot B'(1+ra)u' (&) — u (Cl) (1 +r9)? dtlz ot u'(¢y) ol (14 15)2 dt} ( )
: in _ _ B¢lw, i\, (5 in _ BloTw " :
with Ji = Wu "(&)u' () > 0 and Ji = TG "(&)u"(ch) < 0. By previous

restriction, 0 < J; < 1.

Income-based borrowing with an AD shortage. When there is an aggregate
demand shortage and the interest rate is at the lower bound, an increase in d} or a
decrease in d} will increase the consumption of the borrowers. Higher consumption makes
borrowers less willing to borrow and therefore less incentivized to work so labor supply
decreases, which decreases their borrowing with lower labor income. Since the interest
rate cannot fall to induce lenders to save less, the bonds market does not clear without
adjustment of production and wage. Since lenders have excessive savings at the current
interest rate, aggregate demand is lower, which decreases production. Firms will hire
less and wages fall, reducing the income of households. The welfare of the lenders is
undermined due to lower income. The welfare of the borrowers can still be improved by
the direct effect of higher consumption.

ia ia
Jbl Jbl

del Xia de} X Zi“
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, Tis Jis ,
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del dell ) B
Ztl = thl = % = —2 < —1. In addition, Ji{ and Jij are relatively small when ¢’ is
1 1 b2 1
dtl dtl,
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small and both are less than one. Therefore, the effect on income is smaller compared to
the case with a change in t| or t5.

Asset-based borrowing with no AD shortage. Consider a marginal increase in
d} or a decrease in d§ when there is no aggregate demand shortage. An increase in asset
dividends will make assets more valuable as it not only boosts the consumption by the
borrowers in the current period directly, but relaxes the borrowing constraint as the price
of the asset rises, which further increases consumption and inflates asset price. This is the
canonical amplification mechanism with the asset-based borrowing constraint. Meanwhile,
the interest rate must increase since the supply of bonds rises as the borrowers expand
their debt capacity with more valuable collaterals. The welfare of borrowers is improved
due to higher asset prices relaxing the borrowing constraint and the direct effect of higher
consumption. The welfare of lenders is also improved due to a higher interest rate.
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Asset-based borrowing with an AD shortage. A marginal increase in d{ or a
decrease in d§ when there is an aggregate demand shortage will increase the consumption
of the borrowers. Higher current consumption boosts asset prices, enabling borrowing
to take on more debt. Without adjustment of the interest rate, this boosts aggregate
demand. Firms hire more labor and produce more, which raises income. Higher income
further boosts consumption and asset prices. As a result, assets become more valuable
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and income is also higher. The welfare of both borrowers and lenders is improved.
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A.3 Aggregate income in the borrowing constraint

When the debt limit is determined by aggregate income with no asset-based
borrowing households in the economy. Similarly, the model can be solved via
backward induction. Period 2 consumption and labor choices are intratemporal decisions
given b at the beginning of period 2. By market clearing condition, lenders’ bond holdings
will be albh, = —a'by. Let net consumption be ¢, which is equal to ¢ — v(n?). With
monetary policy replicating the first-best outcome in every period, the FEuler equation of
the lenders is then given by:

7

/(&) = B (L4 (e" +h +dy — b5 — v(n) (AAT)

For a given level of b, that borrowers take on, as 7, falls, net consumption of the lenders
& will increase. Since prices are fixed, the real interest rate will govern the demand
and therefore how much firms produce. As borrowers accumulate debt, the IBC they
face in period 1 may force them to deleverage. Deleveraging by the borrowers reduces
consumption demand of the borrowers. The interest rate will have to fall to induce
lenders to hold less bonds, which boosts lenders’ consumption to an extent where firms
produces optimally satisfying aggregate demand. However, if debt accumulation is beyond
a threshold level, the real interest rate may not fall enough to clear the goods market.
Since the intertemporal price cannot adjust, the intratemporal price, the wage rate will
fall, reducing labor supply. Output, falling below the optimal, will be determined by the
aggregate demand at the zero interest rate.

When there is no aggregate demand shortage. Consider the decentralized equilibrium
when there is no demand shortage and all markets clear@. Due to the constraint on
borrowers’ debt, the maximum level of debt they can take on will be ¢’’e*. This will
define the corresponding upper bound on net consumption &, & when r, reaches the

22The sufficient conditions for the existence of such an equilibrium are in the Appendix.
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lower bound 0 '
=l al 7\ ok *
& = (14—&(/5] Je* + th + dy — v(n")

Correspondingly, the upper bound on consumption of the lenders is given by:
~ * ai 7\ %
& =& +vn) =1+ ngf )t +th + d (A.48)

The upper bound on lenders’ consumption in period 1 reflects that lenders’ demand is
constrained by the lower bound on the interest rate. Aggregate demand in period 1 can
be written as:

¢Iie*
+ 1o
= + (i +d) +al(t +db)

'd, +a'c) = ol +a(e" + 8+ di + =+ ) (A.49)

If real interest rate is above the lower bound, firms can always operate efficiently, and
the efficient level of income is given by e* = n*, where n* = v/~!(1), as in the first-best
solution. The allocations are constrained efficient, with consumption of the households in
period 1 given by: .
3_;¢Ii€*
1479

When there is an aggregate demand shortage. If real interest rate is constrained by
the lower bound, aggregate demand will be below the efficient level. This can be a result
of large accumulation of debt in period 0 that triggers massive deleveraging in period 1
by the borrowers. The loss in demand by the borrowers need to be picked up by a fall in
the interest rate, which will induce an increase in consumption demand by the lenders, as
shown in Equation (A.49). If b} exceeds a certain level, the interest rate will reach the
zero lower bound. This threshold of debt is given by:

A =e +th+d o —

l
B8] = 207" + (¢ + d — t) — d}) (A.50)
a’L

Amplification. If —bi > [b}|, deleveraging by borrowers will trigger a demand-driven
recession when income becomes sub-optimal. Lenders’ consumption demand cannot reach
¢}, but is still maximized at the zero interest rate. Note that since lenders and borrowers’
labor supply n! = ni, they earn the same level of labor income. In addition, when wage
is below the efficient level, firms will earn positive profits, and therefore e} = e; and
e’f = winy + Yy — winy = y; = N in equilibrium. Household income is then determined
by aggregate demand at ro = 0 and is given by:

er +al(t +d) + o't +di) = ') +a'c,
_20/ Ii O‘ibz’ g _ g o A51
€1 = qu 61"‘“(61)“‘5 P4ty +dy =1 —dy) + (e —v(eY)) (A.51)

Equation (A.51)) demonstrates the amplification of shocks through aggregate demand. A
fall in borrowers’ net worth will reduce borrowers’ demand, leading to a fall in income.
Lower income can dampen consumption demand by both the lenders and borrowers in
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period 1, which reduces income further. Equation (A.51)) is equivalent to lenders’ Euler
equation at ro = 0:

i a—i¢li€1 a_;gb”el
legth 4dl —Lpi ol 1 _he (e 4 thd+ @ —u(e)). (A.52
u'(er+t;+d, A v(er)) = B (1+r)u' (e +ty+dy+ 1+ 1y v(e®)). ( )

When there is an aggregate demand shortage, the equilibrium is completely pinned down
by lenders’ Euler equation at 7o = 0. This equation also shows how wage has to adjust
when the intertemporal price the interest rate is fixyed. To have a unique and well-defined
equilibrium, it requires that 1 — 2‘;—;¢” —v'(ey) to be greater than zero.

Figure [J illustrates this multiplier-effect result. One unit of decrease in borrowers’ net

worth can generate (2;)—————— unit of fall in income.
al 1—20‘—;¢”—v’(el)
[e3

—rhs eq. (A.52)
-~ demand +A

i

€1

Figure 9: Amplification Through Aggregate Demand
A. a shock on lenders’ endowment !

When there is no aggregate demand shortage, both types of shocks will not have any
impact on the aggregate income. However, shocks on lenders’ endowment can indirectly
affect welfare through interest rate. More endowment of the lenders can boost their
demand for bonds and will lower the interest rate, which benefits the borrowers while
undermines the lenders. This result follows when the debt limit is determined by individual
income: interest rate fall for the same reason, but borrowers will have higher employment
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and thus higher individual income which further improves welfare.

del

i A.

il 0 (A.53)

1"~

dry _ _— t}i)e* — <0 (A.54)

dty gl () — (1+7‘2)2u”(01)

oVt i olie*  dry

o = Al (459

avl ) ¢Iz * d7’2

i — 1 A.

o = V@A T () (A.56)
Pru(e)u' (@) >0 (A.57)

- Ize ~
B’ (é) — (f+r2)2u”(cll)

When there is an aggregate demand shortage, a unit positive shock on lenders’ endow-
ment in period 1 has a similar effect as a negative shock on their endowment in period 2:
they both lower households’ income by 1 — 23—;¢1 “—'(e1). The decrease in income results
from the limit on lenders’” demand. Higher endowment or transfer in period 1 makes
lenders less willing to work as their demand is constrained by the lower bound on the
interest rate; similarly, the consumption smoothing motive of the lenders prompts them
to save more and consume less in period 1 when lower endowment (that is a decrease in
t,) increases the marginal utility of consumption in period ﬂ The resulting lower labor
supply decrease production and income, reducing borrowers’ debt capacity, which reduces
demand further. With individual income in the borrowing constraint, employment of both
borrowers and lenders will decrease because of lower wage, which lowers utility.

T =~ - 220" - Vi) <O (58)

% =0 (A.59)

O = [0 Ve @) + (@) — ) G <0 (A60)

a‘/il I / ~ de;

E (@) + (1= (ex))u'( )dtl (A.61)
N e (A.62)

al dtt

A change in lenders’ transfer ¢} has an opposite impact on an income-based borrowing
economy when there is no aggregate demand shortage and when there is an aggregate
demand shortage. An increase in t| makes the households better-off when interest rate is

above the lower bound %‘; > (0, whereas it makes the households worse-off when interest

rate is stuck at the lower bound 88‘t/l < 0.

As output is aggregate-demand determined when prices are sticky, the interest rate

23The GHH preference precludes the positive effect on labor supply when consumption falls and thus
there is more amplification.
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governs the consumption demand and thus output. An increase in the endowment will
boost consumption of the lenders through a fall in the interest rate, leaving income at
the optimal level when the interest rate is still flexible to move. Welfare of the borrowers
is improved due to lower interest rate while that of the lenders is improved due to the
direct effect of higher endowment dominating the adverse of effect of lower interest rate.
When the interest rate is at the lower bound, however, the demand shortage will be
worsened by the increase in lenders’ endowment since lenders do not need to earn that
much income to consume the same amount. The resulting lower labor supply reduces
income, further tightening the borrowing constraint. Welfare of both types of households
will be undermined as income decreases.

Asset-based borrowing. when there is no aggregate demand shortage, a transfer
to the lenders will increase lenders’ demand for bonds, lower the interest rate, and since
lenders become more willing to hold debt, the collateral that the borrowers need for
borrowing becomes more valuable. Therefore, asset price will increase and the constraint
on borrowers will be relaxed. The marginal increase in lenders’ endowment will decrease
the interest rate and increase asset price, though households’ income stay unchanged as
there is no aggregate demand shortage. The effect on welfare is similar to that with the
income-based borrowing constraint. Define:

(1+7r2) S — pr gt

M= (1—{—7’2)

The marginal effect on income, interest rate, asset price and welfare is given by:
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Take partial derivative with respect to ¢ to the asset pricing equation and the lenders’

Euler equation to get:
(u'(e9))?
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Let N = — P CATEG] such that M = N zf‘t’} Equation (A.69)) can be simplified to:
d
(@) = B (7) 52 (67 ()N + (1 4 ra)ul () (A.70)
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By the definition of M and (A.68]),
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Plug N into (A.71)) to get:
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- X+ W @) db, (A.72)

Since X > 0 by the previous assumption, % %
1 1

(A7), 1 — (1 +79)N < 0 and thus N > 0. For (A70) to be satisfied, 22 has to be

9 dtl
non-positive and pl has to be non-negative. Therefore, M is also non-negative. To solve

for 924 and 42 plug (A.72)) in (A.70).

dtl dtl ’

Since the RHS of (| m ) is negative 1 — ¢A*M > 0, which renders - > 0. And
similarly as 1 — (14 75)N < 0, 2 atl > 0 is given by:

and must be with opposite signs. Given

ava ! (~a a, !/ ~a ad
G = O M@ - @t
d
wzg[ /() - 5(&)]
> o L1 ) Nl (65) — o (25)
1
>0

To further simplify the expression and to compare it with the welfare effect for the
income-based borrowers when there is no aggregate demand shortage, we have:

Ve jan LTV P g

ott (14 19)? dt}
. <Z5 “p1 dry I/ ~a ¢Aa dp: Aa pa, 17 ~ay AP1
- u(c)(1+r)2dtl u(cl)1+r2dtl G )dtl

¢Aap1 @ (Z)Aa %
V(L +r)2dt, 14y dt)

[/ (&7) = B*(1 + r2)u'(¢5)]
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d dr
V! ao (L T2) G =Gt dp

i e O
Aa d Aa d
:<1+(1¢5+—f2?)2d—2)u’(53)+lﬂmﬁ[uﬁ B (1 + r)u/(&)]
AR e TS SIS

(1—|—T2)2d_tl1

A change in lenders’ endowment ¢/ has similar effects on an income-based borrowing
economy and an asset-based borrowing economy when there is no aggregate demand
shortage. An increase in ¢} will improve welfare of both types

an income-based borrowing economy, it is achieved via a fall in the interest rate, in an
asset-based borrowing economy, it is achieved through not only a fall in the interest rate,
but also an increase in the asset price which affects welfare of the borrowers not lenders,
and

(a) the decrease in the interest rate (]‘Z? e < (|fﬁ])i”;

V! )an > (3_\/1

(b) lenders’ welfare increases (£ )i: welfare increases are ambivalent to

ot ot}
compare between an asset-based borrower and an income-based borrower (%)‘m S
X 1
( ov* )zn
ot}

Next consider a marginal increase in t. when there is an aggregate demand shortage for
an asset-based borrower.

e 14 0 L (e (68) + u (&) (&
37’1 T vl +( ?ff 22‘3)[ <i'<;%>:~<;g> + <<1 +) ﬁ(m?']@u«es»] <0 A
Z_;f _0 (A.74)
it = o fut;fz() ﬁ?l Py
T = 0= e Gt o G @) — o) Gt <0 (A76)
S = 1= (et + 1— o el + o) (A77)
= /(&) +[(1—72'(e ))]u’(él)(jl—tl1 <0 (A.78)

Take the partial derivative with ¢} to the asset pricing equation and the aggregate demand

equation:
dp: de;

de .dp
dtll ¢ dtll o (4.80)
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where Z = %?I)(Zfl))u’(ég)u”(é‘f) < 0. Combine (A.79) and (A.80) to obtain:

dpr alZ

—— = A81
dtt XY 4 ¢4Z (A.81)

deq ol X
- A.82
dtt XY + ¢AeZ (A.82)

We restrict the slope of the asset equation and the aggregate demand equation in order to

. . deAP deAD
have a well-defined solution. That is, o > i , where
deftf X
dpl N Z
d6114D _ qua
dpl N Y
With this restriction, X + ¢--Z > 0 and fl’;} < 0 and ‘;i’} < 0. Moreover, note that the

slope of the AP equation and AD equation can be greater or less than one. We exclude
A

the circumstance where both slopes are greater than one, as when de d is greater than
one, 1 — ¢4 — a® — olv'(e;) will be negative, which contradicts with our assumptions for
the income-based borrowing economy when there is an aggregate demand shortage if we
set a® = o and ¢4 = @',

To compare the change in income and welfare with the income-based borrowing
constraint, we redefine Y as Y = 1 — a"/* — a'v/(e;), and the marginal change in income

with income-based borrowing Equation (A.58) can be written as |%| = Yf—;h By
1
Equation (A.81]) and - we can rewrite lef} and dtl as:
deq B ot X
dty, XY +¢AZ
= @’ X A.83
=X o) + (X 1 2) (A5
)
Y — ¢Aa X + CbAay)i—(;ia
dn 7 de
dtt X dtt
- N ( _ g | (A.84)
Y — ¢Aa X + ¢Aay)i';§a
. def{\? d61 Aa -z
Consider first when 1 > T > ,itrenders X < —ZandY > ¢ W >
Y*(bA‘l
d aa €1 \aa e1 \ia
Wm > 1. Therefore, |(d’t’l1) | > |(Ztli) | > |<ZT{) |. By Equation (A.60)), (A.62]),
“\aa “\ia "Naa 'Nia
and (E78), we have |(25°)) > [(25 ), and |(25)|(> |24 ).
deAP deAD . A _z
when d; > 1> , it renders X > —Z and Y > ¢“¢, andm <
1 P1 +¢ y_¢Aa
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W < 1. Therefore, |(Lz)’m| < |(d€1)aa| < |(Z%)m|- By Equation (A.60)), (A.62),

m

and (A.78), we have |(%‘;a)““| < |(%‘é)m\ and ’(atl )| < ’(atl )®@|. A change in
lenders’ endowment t} has similar effects on an income-based borrowing economy and
an asset-based borrowing economy when there is an aggregate demand shortage. An
increase in ¢! will lower income and undermine the welfare of both types of households:
aa%lh < 0. In an asset-based borrowing economy, it affects welfare of the borrowers through
dei)ressing asset price in addition to lowering income as in an income-based economy. In
both economies, it affects the welfare of lenders only through lowering income. Whether
its impact is more pronounced will depend on the responsiveness of income to changes in
the asset price:

deAP deAD
(a) 12 Z5m > 50

() 1) = |Gl = 1G5

(i) ()™ = 1557, and |5)e| = [(5)].

l
otl

de? de?
(b) If 1 >1> ;1

Y

(i) |(f$)““| < |gh)el < 1EH™l;

.. i I
(i) (5] < 1), and (55| < [(5)l:

B. a shock on borrowers’ dividend d} or d§

Income-based borrowing. For an income-based borrowing economy, when there
is no aggregate demand shortage, shocks on asset dividend do not even have any effect
on the interest rate if borrowers are constrained. They only affect borrowers’” welfare by
direct wealth effect.

ZZ _0 (A.85)
3’;2 _0 (A.86)
g% — /(&) > 0 (A87)
ZZ{ _ 0o (A.88)

Interest rate is unaffected because higher dividend boosts demand and thus income, which
lowers interest rate as borrowers are less constrained by income. The reduction in interest
rate is offset by a monetary policy that has to raise interest rate to maintain the optimal
level of output and prevent an overheating economy.

when there is an aggregate demand shortage and the interest rate is at the lower
bound, the shock on d} does not influence income as in Equation , despite the
negative effect on borrowers’ demand. Income is left unaffected, and the welfare of the
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households similarly responds to the shock as with the case when there is no aggregate

demand shortage.

ZZ ~0 (A.89)
Z;; =0 (A.90)
g‘ag = /(&) >0 (A.91)
g‘;j =0 (A.92)

Asset-based borrowing. Next consider a marginal increase in d{ when there is no
aggregate demand shortage. An increase in asset dividend will make asset more valuable
as it not only boosts consumption by the borrowers in the current period directly, but
relaxes the borrowing constraint as the price of the asset rises, which further increases
consumption and inflates the asset price. This is the canonical amplification mechanism
with the asset-based borrowing constraint. Meanwhile, the interest rate must increase
since the supply of bonds rises as the borrowers expand their debt capacity with more

valuable collaterals.

deq
dd{
drs
dd{
dp

dds

ove
ads
oV
ads

Take partial derivative with respect to df to the asset pricing equation and the lenders

0 (A.93)
d
_ QdZi >0 (A.94)
1
1

_____ >0 (A.95)

W@ W (@)

nQ = (14 72) = Smmamiagyren ~ v

d

= /(&)(1+ A M) — fou () dg; >0 (A.96)
— —(bAaMu/(él ) ﬁa /(~l )(bAa dda <A97)

)

Euler equation to get:

dp _
dd?

_¢Aaﬁadg U (E (& dpy o (&
R @) T+ (G @)1+ M) (A.98)
W0 M = Bl @)+ 01+ ) () T (A.99)

Simplifying (A.99) to get an expression for ZZ}I and j:li:

[¢Aap1 u' (&)
(1+79)?

dT‘g
dd§

B R 7 AL G VL ST

U1~
~ Fu(&) 147y *ddg
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Aa gl (=l ¢Aa“//(511)
¢ B (1+rz)u’ (&) +

according to which we can write d:li = % where () = Ty 1;”2 > 0.
1 1 7ﬁlu/(6 )
(14r9)2 2
Combine the definition of M and (A.98) to get
dro
d D174 Aa ada ~a
-X pi =(1- ddi _\ 97" d5u (62)2 (e1) (A.101)
ddf (1 +72)? (w'(c1))

Since () > 0 and X > 0, ZS}I and j:li have to be both positive for (A.101)) to be satisfied.

dz

Thus 1 — yeb; > 0. Combine (E101) and (EI00) to get:
dn el () (@)
ddi — prQeAfedu’ (c5)u” (¢7) — (14 ro)pAefedgu’ (¢5)u(¢1) — Ao pedgu” (5)u'(6]) — (u'(e1))?
(A.102)
. p1 o2
To see how welfare changes, note that «'(¢§) > 8%(1 + r2)u/(¢5) and 1 — 1;‘1)2 > 0.

ABC not clear. A marginal increase in df when there is an aggregate demand shortage.

d61 B ¢Aa6adau/(6a) //(5111) .

.= R (A.103)
A~ e+ T () (@) + (1 + D ()]
;Z;Z —0 (A.104)
in_ (1 - (e (@) o
dd{ (v'(c9))?[1 + & (f )()l (' (e)u"(e5) 4+ (1 + Z)u" (&) (c5))]
o = (=) Gt + 1 o B — ot @) > o (A.106)
g‘;f =[1- v’(el));l;% — ch“ZZi] @)+ 8 qu“dZi W' (&) >0 (A.107)

Take the partial derivative with df to the asset pricing equation and the aggregate demand
equation:

dpl dT’Q Z
X—=—1t—— — A.108
dtt dtt 1 —'(e;) ( )

d’f’g A dpl
“ A.109
dtl =¢ at; ( )
Combine (A.108)) and (A.109) to obtain:
dpl YZ

dit (1= v'(e)(XY +¢42)

d@l ¢AG'Z

(1= (o)) (XY + 64Z)
Again, with the restrictions on the slope of the asset equation and the aggregate demand

AD o
equation that dell > d;;n , X + W;,Z >0and %2 > 0 and & > 0.

dtt it
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